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Review of set theory
-

Universal set S

Any subset of S
,

A CS

q S = { 0 , 1,2 , - .
. }

A = { o, 2,4 , - -

i }

FAE
.

I
. IT = So

2 . AUB = BUA , ANB = BOA commutative

3 . A UCBUC) = CAUB) UC Associative
Ah (Bnc) = CAN B) nc

4 ' AU (Bhc) = (AUB) n CAU c) Distributive



5 . A - B = An Bc

= A - (AaB)

6- (AUB)
'

= Acn Bc

7 . CANBY = Ac UB
-

s . A US = S

9 . Ans = A

10 . A UAC = S 12 . AUOI = A

11 . Ana
'

= OI B. Arif -- To

Ebmentandgmpktonseteg
.

- S = { o, 1,2, n . . }
O ES Elements
1 ES

{03,93 , .
. .

as



Sizeofset

I . Countably finite set

ed A = { 2,4 , b, 83 card (A) =4

2 . Countably infinite set

eg .
- A = { 0 , 1,2, -

- ^ } card (A) =D

3 . Uncountable infinite set

% B={ n : NER, Osu El}

Countable sets
-

ed a) Integers

b) Rational Numbers Q

Uncountable sets ( infinite)
-

G a) Real Numbers or its subset



lR= Q v p

Real Rational Irrational

Probability
set theory Probability space

1. Universe 1 . Sample space S

2- Subset 2 . Event EES

3. Element 3
. Sample Point s GS

or Outcomes

4 . Simpleton set 4 . Simple event {sics

5- Null set 5. Tnrpossible Event OI
6 . Disjoint sets 6

.
Mutually Exclusive An B
events IOI



Anions of Probability
-

I. Probability of Sample space is I .

PEST = I

2 . Probability of any event is non -negative.

PEE] 70 E ES

3 . If A , B events are mutually exclusive
,

P[AUB] = PEAT + PCB]
t

PCANBTIPCOI]
= 0

Corollary I
-

of PEA ) El

proof
-

A' ⇒ pfs) =L

P[A UAC] = I
PCA htt 'T = PEE]=o

A3⇒ p[A) + PEAT = I

P[A) = I - p[Ac]
from AZ

PEAT > o

⇒ PLATE I



corollary 2
-

p[IoT = 0

Proof pfs] =LAt⇒

PEET = PEST
= i - PED

= I - I

= 0

Corollary 3

Fairy events A and B

P [AUB] = PEAT + PCB] - P[
An B]

A
AaB B

thot
p[AuB]=p¢A -B) u B]

A-B

= PLA-B)+ PCB] A3-①

p[AT = p [ CA -B) u (AaB))

= PFA -B) + PLAN B] AS

PEA - B] = PLAT - PCANB] -20



Sub. ② in①

p[AUB] = PLAT t PCB]
- PCAAB]

Sample space

a) Discrete (countably finite or infinite set)

b) Continuous ( Uucounbably infinite)

a) Discrete SS

- Assign probability to every sample point.

ed Toss a die ( fair)

SI fi , 2,3, 4,5, 6}
S
, Sz Sz Sy Ss Ss

pf.si] = 'T si ES

es toss a coin

S= { it, T}

PCH) =p , PITT = I - P



% Red
,
Black balls combinatorics

total Balls = N

Red Balls = Nr

Black Balls = NB
Nrt NB =

N

tr Z MIN ppg = NBT = I - be

Draw M balls with replacement

Arrange k Red Balls out of M

permutations

Mpa =
M
. @ - t) . (m -2) .

. .
M - Ck- D Tuple

M !
=
-

cm-k) !

Combinations

(Me) = Mcu = M!-
set

cm-k) !
k !

Binomial tow k m-k

pfkaedbaltsfomutbaw.TT (7) be
C ' - br)

k.IO, I ,
2
, .

.
. , M



M kN ,
Binomial law is valid for

M balls drawn without replacement.

Multinomial Law

total N balls of n colors

4 , Pz , . . . ,
bn →

Probabilities of

different colored
balls

M balls drawn

µ
KI
,
K2
,

. .
.

,
kn ki t ka t - - r't kn = M

Multinomial

p[ ] =
M ! D? ' bath . . . tank" Lao
-

Ki ! kz! . - r kn !

n → # of
colors Binomial Law

M !

7¥!

Kk p,jm
-as

l

,

red Black



b) Continuous sample space

S - { a : - 'zsasz}
PEST = I → violated if we assign

finite probability to

every sample point .
PLA '- no] '- Onze nos 's

Define probabilities for intervals

PLAT -- Pf-Esses -Z, ] =L,
Pfasnsb] > b-a

A B

p[B) =p [ o sus ¥] = ¥ #¥
-I -¥ o t I
2. 4 2

PEAU B) I PEAT + PCB]

= at -1¥
= I
2

PfaEns b) = P[as as b] = PfaEns b) = Plasmas]

as pfn=a] =D

Pfk =b] IO



④s peat.
A;:s,

conditional Probability
-
-

A
,
B be two events . PEAT

,
PCB]

P[AIB) or PIBIA]

s

PIAIB]=I¥ PCBIAI = PCpn-fn.by



SI {Xy) : otnsl, of yet}Sr y n Y

÷¥⇒÷¥¥¥aI

N
N Iz n

PLA] =L
PEAT =L PEAT -_Iz

2

pfBT=Z p[BT =
'

z
PCB) = 34 4

plants)
e. ¥3 PCAIB] = I

pfA/B]= 2- = 2134 P[A/B]=L z
3 3 c)

a)
b)

PIAIBJ > PEAT
P [A) BT - PSAT P[A/B] =PEAT

A
,
B are statistically independent

iff p[A/B) = PEAT and PFBIAI = PIB)

PFAIB]= Plants]

⇒
⇒ PLANB) = PFAIBTPCB]

A
,
B independent

PCAA B) = PEA] PCB]

Joint wind



A
,
B → any two events

stat . independent iff p [AnB) = PEAT . PCB]

Mutually exclusive iff P[An B] = O

P[AIB) = PLAIT
PCB]

P [BIA] = P[AIB]
PEAT

corollaries for Conditional probability
from the

- Anions

1 . p[SIA) = I ⑧s

Prot p a) = PIT
PEAT

= PEAT

Fens

= I

2 . p[A/B] 70 , PCB) # O



Proof ①
- p[AIB) = PEA NBT Zo

⇒ 70

70

if A and B
3 . p[AUBIC] = PEAK] + PCBK)

are mutually
Exclusive

p[Ants] IO
A B

proof
PEAOBIC]

=
P[CAUB) no]

C

¥
= P[CAR) U (Bnc)) →

AS

¥

= Plane] + p[Bnc]

¥
=

P[Any
⇒
t P[Bnc]

pa

= PEAK] t PCBK]



Can Croat Croat⇐ ÷:::Y
No switch switch

↳ - Es t
3

Bi Be 133 By÷÷÷÷::÷÷÷÷÷
.

BN

ME. Bi n Bj = OI , i #j
N

Eek . U Bi = S

it

P[Bin BjT=0 , ¥, P[Bi] = I

LTP PEAT = .⇐p[A/B ;) PCB i]

Proof pqay , p[Ans
)

= p[ A hit, Bi) )



= p[ ¥, CAN Bid] A- 3

= if
,

p[ An Bi]

PEAT = ft
,

PCAIB;] PCBI]

Baye's Theorem
-

P[An B] = PFAIB] PCB)

P [Ants] = p[BIA]
PEAT

PFAIB] PCB] = Pf
BIA) PCA]

PCBIAJ = P[A/B
) PCB]

¥

P[Bk/A] = PLAIB.] PCBr]

¥
TLP

posterior p[B. yay =
P[AlBe]PCBk#

prob - !§p[AtBid NBD



stat . independent iff p[AnB) = PEAT . PCB]

Mutually exclusive iff P[An B] = O

l . A , B
→ M.E. & Ind .

⇒
is:S:

P[An B) =D & Ind . as PEAT - PCB] -0

ME . as
= PCAAB)

2 .
A , B
→ Nof M.E. & Ind.

" ¥÷÷÷÷⇐÷¥::÷÷÷÷÷÷÷÷:
= p[AaB]

3 . A, B → Nof M.E. & Not Ind .

eg
S = { 1,213,4 , 5,6} A={ 1,2, 4,6}

PEA]=¥ pfB3= -46 13={2,415/6}



PLANB] = 3- → Not
.

Mr E .

6

PEAT . PCB) = 316-6 t plants]
Not Ind .

4 . A)B → M.E. & Not Ind .

ed
S = { H, -13

A- = {HI,
B={T}

PEAT -_ I ,
PCB] =L

A-013=01 PLAN BI -0
ME.

PEAT . PCB)
= ¥ F

PEAN BT Nof. Ind .



Discrete Random Variable

-
Xcsi)

→
Countable
1-

Sx
← o →

g. → sample points
-ve

m.
+ ve Zf

Integer
One - to - one or

Rational
Nof
done

ni = X (Sj) commonly
1

Many - to - one

Ni = X ( Sj) , j = 1,2 , .
. . ,
P

←
domain

←
range

G. = ni

X e ni

function range

Ni C- It Integers

X → Discrete Random Variable



eg coin toss S={ It , T}

XCHI = I
t I

XCT) =D

s÷÷÷÷÷:*:
X = Ni

,
i = 1,2, . . . ,

n

p[x -- ni ] = Kini]

p×[no]
→ Probability Mass function

"" ÷÷÷



From anions

i . o s Kini] E I

n

z . I kind = I

ist Wai]

↳ 's t ta ta
ni

×

One- to - one mapping

K, Ini]
= PCs;]

⇐ P[xcs;) = ni] = PCs;]

Many - to - one mapping

↳ fait - E
PCs;]

{j : xcsj)
-
-
ni}



Examples of PMF
-
-

l. Bernoulli PMF Berg)
x

Kim -- { I:p, ;
'

'

it !
'

o

ed?"Biased coins,

Xv Ber (p)
~ → distributed according to

2 . Binomial PMFXN bin ( M, p)

p×[D= (Ma) Pk Ci -DM
- k

,
k= o, 1,2 , -

- - ,
M

Repeated Bernoulli Trials (k success outof M
trials .)

3. . Geometric PMF×~ geom (p)

p×[k] = ( l -b)
""

p k -- 1,2, .
- -

First success in Kth Bernoulli Trial

q .
Poisson PMFXN Pais (a)

P×[KT =
EX Tk k = o , 1,2,

-
-
-

- Me a

k ! A > O A- MP p → o

when success is rare in M Bernoulli Trials

Binomial → Poisson M- a

pro (Book)



§ loss of 2 coins Cunbiased)

S={ HH, HI, TH,
TT }

¥ ¥ ¥ ¥
PCs;]

no . a- pads. g j
"

o -- XE'D

I = X (HT or TH)

Acad Z, k tf z =
XCHH)

P×[o]=¥ → P [x =D

K, =L → PEX -- D

K,
=# → p[x

-

- I

PMF
- 1kg of sand

→ Distribute among
all values or

locations in Z which are assigned

to Discrete Random variable X



Function of a Discrete Random Variable
- - - - -
-

Sy
y→ Discrete

a:c:

pme Kindle 113,5yd PMF

O -O
Kini] = E Pfeil s → s

,

{sj : ni -- Xcs;) )

byard = E Kini] sassy

{ni : Ya - gcais)

eg S×={ o, B

Kini] t tu

Y = 2X
-I

Sy -- fi , -113

Pied 's he



eg.
/ Sx -- { - i , o, + I }

kind at k I
2

Y = X

Sy = {ti , O )

by Ga]
I

'
z

cumulative Distribution Function (CDF)

-
-
- -

ECN) = I kick] = Pfxsn]
r Fda)

{ r : km

eg X N Ber (p) -

12,1k] = { t - P
'
k=°

K
,

= TICK)
p , k=

'
- TICK)

Fx = { If, TIM ,
F¥

t
, NZ I



I . o E Fx Ca) E l

Ecu) = p[Xfm]
→

Prob .

from axioms

proved

2 . Fxcn) is monotonically non-decreasing

function of n .

N , I Nz

Finds Fx Cad

3 . Fxcn) is right continuous .

tim Fxcn) = Fino)
p→

No

4- Probability in intervals from Fx Cn)

P[as X Eb] = Fx Cb) - Fx Ca)

P [as X Sb] = Fx ( b) - Fxca)
t P[x=a]

P [as xsb] = Fx Cb) - Fxca)
- PG -- b)

P [ as X Sb] = Fx Cb) - Fxca)
- P[x=b]

+ p[x=aT



5- him Fxcn) = O

n→-a

+&

tim Fxcn) = I as E. Kiat = I

n→ a
k= -a

Expectation of a Discrete Random Variable

-
-
-
-

+a

E = Ek p×[k]

k = -N

& Xr Beach K, = { t
- Ps K -- O

p ,
k= I

Efx] = o . G - b) t l . p =p

0.5 (i-p)
° Po - 5

to
P
EG)

p=o -5

EI Xv Bin CM , D

12,8k] = (Mk) Pk Ci - DM
- k

,
k -- o , 1,2, .

.
. ,
M



M

Efx] = { k M !

K -o

/
Imig !

Pk Ci - p>
M- k

Ck - D !

M m !
-

pk c, -pym
-D-K-D

= z -

ko
Ck- D ! (cm -D - Ck - D) !

M cm -D ! pk
- '

c ,

D-KD

= MP E-
Kei

Ck- D ! (cm
-D - Ck

-D) !

M
'
= M -I ,

k
'
= k
-
l

M
'

m
'

!
= MP Eg,,

Pha - pym
'
- k
'

k
'
-0-
{pick
] = l

l

Efx] = Mp

EE Xu fois Ca)
n -- MP

Ms-

K,
= E'÷.ak , z=o , 1,2 , .

-
- peso



*
k .

e-TakE = E
-

k-- o k !

p
-Tak

- 1.A
e-

= E ca-D !
K = ' K' = k - t

a
-aah

'

= a z e-
k
' -0 k

'
!

-
I

Efx] = A

1-A

Efx] exists iff 21kt p×[KI K

k=-D

egg
12,1k] =
4 2=1,2, .

.
.

K2

p×[k] = z
-k

k = 1,2,
-
-
i

EAT does not exist . IIa ' " ik'T
EAT -_ { kk.lk] I'stggialk, so



7=941)
+&

EAT = EffCx)) = I 9 kick]

k=-a {proof
to in Book}

EAT = Ek kg Ek]

k = -N

ee
Sx = { - 2 , -1 , o , I

,
2 }

↳as I, ha t 's ¥
2

Y = X +2

+2 K2 p×CkT
EAT = I 9. Ck) kick

] = E
k= -2

k=-2

= C-25. # t C
- D2. Iq to

? It
R
. I

1- 22 . I
4



Y = ax + b

EG] = Efaxtb]
EAT = {bk.ci

y
x = b

=
a EEXT + b
x

Relation between Biu CM, P) and poisca)

-

Binomial
k, = (Ma) pk c, - Dm

-h

,
noir, - - - '

M

Let Mp = A ⇒ p= I
to→
o

M M → a

Baek %÷ (Engh G - Aaj
- k
CMD ME

= '÷a÷.a⇒I
(i - Aa)
'

as m→ a car) k = Mcm-D .
. (m - Ck -D ) ng Mk

as me - fi - Im)
"

re I

kind = ?÷ him. G
- EDM -①



gcm) = f- Im)
"

hi gem) = M bull - In)

limhgcmtmim,
m be C ' -E) = limy

,

huffy
man Im

By L
' Hopital 's

rule

= him ¥¥¥)
m-o -Ha

=
him - de
Mesa I -I

M

times. he G-In)M=
-a

⇒ lies
.

( i - Edm = e-
"
→

②
in ①

Poisson PITT =E÷?k , k --o, 1,2 ,
. .
.

PMF



Minimum Mean Squared Enmore (MMS E) Estimation
-

+A

Efgcx)) = S gonna
k=-N

F- [axtb] = a EC×I+b|÷g!Ck
-b5k.cn

Minimize
real number

F- [( x - E5) = E[x2- zbxtb]
✓ Ignored

= Eggs] - Is ECXT +
b-

Mean

9.G) = Cx
-D2

bopt = ang ugh E[x2] - 2b Efx]
-1 b-

⇒ Eflx - b)
"]

= Zb [
ECXZ] - 2b

E → by

=D

⇒ -2 Efx) t Zbopt
= O

b.
opt
= EEX] → Mean of X



MMSE

E [Cx - boat)
') = Eflx - EET))

= Efx? 2 ECXTX
+ xD)

var =
Eflx - EW)

') = ELxD - 2E Efx] t ⇐ Ex ])
-

= EAT - CE 5

""

T

EG)

% Discrete Uniform
Random Variable

K.CH = { ¥,
s
k -- - m , . .

.

,
o
,
.
. . ,
m

O
,
ol w

m =3

Kim 's E E E E ta I
iF

TECX]



M

Efx] = I 1- k

k = -m
2Mt I

+ M

= ¥,

Ek
k = - M

= I . O

2Mt I

= O

var Cx) = Effx - EADY

= E[x2)
g.Cx)

m

= Ekik
=-
M

2MtI

m

= 1- z g K2

zmt ' k=°or
I

I

= 4- .

mcmti) Gmt)
⇒ 763

=
mcm
3



ECXJ = O

var Cx) = mCm_tD
3

as MT
,
ECx3=o uarcx) TT

Moments of Discrete Random variable
-

x

Moment of X

F- Egg?? = II.an
"

Buck] →
rthmoment
of X

G rel EG) = Efx- EET)

Efx] → Mean = Efx] - E

= 0

Central Moments of X

F- [Cx - EET] = .IE?Cu-ECxI5PxEk7✓
→

nth central
Y moment of X

ef
. r=z

→ Eff -- o

E[Cx -ECW] →
varcx)



characteristic Function oI×cw) of Rv . X
-

Ecw) = Efei?] -- III.eiwkk.ca
Properties
- always

1- to, Cw) remits for any PMF kick]

toasts 1

Proof
- III.emk.us/sIIleiw4lPxcnlIoIxcwY---

p

joke cos wktjsinwk
↳
= £7 1k, 8D )
k =-N

to

= E kick
]

KI-A

= I

III.curls I



2- OI
,
Cw) is periodic with period 21T

.

oI×Cwt2tm) = Ecw)
t ME #

Food Cwtzitm) = E [eJCwt2Tm)X)
= In ejcwt Dkk,
k=-A

= £5 eJwkp×qy ejrttmk-
k=-0 I

jzimk
= Cos zitmktj sin

zttmk
C O Mgk

I

C- It
= I

oI×Cwt2Tm) = E k,
eJwh

k=-D

= Idw)

3 . Kik) from Ioxcw)
to

Pick] eJwk
DTFT

Exceed = E we-o

k =-D

Had -_ ⇐ Ecw) e-Jwkdoltffm.io



Moments from oI×cw)
-

da II. fwy = da Einem Kim )
wIO

WA

= £ jkewk kick
] /

w,k = -d

= ;
k e'

Wh

Px )
w⇒

kz-0

1-d

= j E k kik]
k= -N

= j Efx]

EEK 'T da #↳ two

es =÷dIwExMw=
.

Y = X - Efx]

Huf calculate oI×cw) for Beach, Bincm, D,
Poised

,

GeomCp)



Continuous Random Variable
-

s

n
÷

o ni IR
an→ O

continuous S
,

Uncountable
Infinite X = ni ai EIR

cont
, ×=n

. Sx EIR

P[x=ni] IO ( literal)

Definition

K,Cn7=Pfx=ni] = him PEh-EEX.sn- tanz)
on→o
-

AN

Probability Density function
^

Rca) = pfx
-

-
ni]
)

I . then) 30

2-

'

kinda =L



1kg
kin' Ihnen
#

Beom
Amin Aman

x

ee Dart

qq.mg
)

÷⇒
x

Plas x Eb) = pfasx
Eb] = Pfasxs b) = pfasxsb]

of Uniform Random variable

kink { Ita )
Knab pin

0
,

01W Is
a b M

a -o ,
b = I

Had = {
I
,

ocnsifbt.edu = ,

O ,
01W



Cumulative Distribution Function CCDF)
-

N

Fxcn) = f k, Csi) da
'
= PIX Ea)

- a

kin) = d- Fxcn
)

da

Kin)
I . Uniform exempt -

*cnn.se: ; :*
"

a b

FxCn7= {
0
, asa § dn

'

N

n÷a , ask b = Ia
a' la

t
,
n7b

= stab-a

z . Enponential ¥4557#
Kin -- I
' :
"

; :S: O N

Fxcn) = {
°
,
no Joni'm'dn'

i - eine, no = a 1 !



= - feint- D
-An

= I - e

3 .
Gaussian or Normal

⇒

e÷u¥
pin) =L -

a Lada

7

Xv Ncu ,

standard Normal

X ~ Nco, i)

K, Ca)
-
- 1¥ e-

¥2
,

-densa

kind

Fxfao)

""
→ No No

Fini = fits, e-
""

alt

d

QCn7= ftp.e-tkdt
N



Fxcn) = I - Qcn)

FEC-a) =o QC-a) =L

Fx Ca) = I Q ca) IO

0¥.:*
CDF

Fxca)

continuous
g. +
EIR

4 . Laplacian
HI

5 . Cauchy

6 . Rayleigh



Function of cont . R .v . X (Transformation)
-

PDF CDF

X
, then) , Fxca)

Y = g. (x) , Pycy) , Fycy)

Assume is 9C. ) is one
- one ( invertible)

g-
'
exists .

Case a)
- y= 9 (x) is monotonically increasing

. y'S

Fycs) = p[ys%"
""

y=gca¥€
,

'
.

= p[gcx) Ey ] a

= p[Xs g-
'
an]

Fycy) = TICS
-'

Cy)) -①

pycy) = d- Fycy)
dy



From①

Pyas ) = dq Fx G-
'
Cy,)

= day Fxcn) laughs)
= Ida Fxcn) . dayg-

'

Cy)

by G) = kin)
. day g-

'
Cy) -③

Casey

Y = g CX) is monotonically

decreasing function of n .

7=94"

Fy Cy) = PETEY] Y=9€¥
,=P [gassy] a

=P [x > g-
'
Cy)]

=
I - P [xs g-
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= E×[x)



Ey [Ex,yD) = Ex
unconditioned

Ex [ Ey, HIT = EYED

⇒ enema -- FYI : ¥
.

Exley, D) = 7h . Et Ertz

12
= I

→ 3

Eyal] =3



Discrete N - D Random variables
-

Random vectors
# Sx

, ,xz, . .
.

, XN

G) = 1¥
↳
Nxinxz - -

- Nxn

*NG)

⇐ - I"÷÷) - mmmm
X, , Xz ,

. . . , XN
→ Discrete R .

Us .

Z Z .
. . It

→ AN
C



* =µn÷gw) → one instance of the
random vector Is

SX
,
→ Nxt Sx

, ,xz, . .
- , XN

Sxz → M2
= S×

,

x 5×2 X -
'
' Xsxn

. Cartesian
'

.

product

Sxn → Nxn Sx
, ,xz,

. .
.

, XN

↳ Nx
, Nxz . . . NXN

ed 10 Digit lofkry tickets ( integers)

S → Sx
,,xz,

.
. - ,
XN

I Cs)
-
-

Nx
, Nxz .

. . NXN

10 10 . .
. so = ION tickets



⇐-

one iii.
"

It
'

;) - ion nuts

Joiutpmf

¥
, ,
×!?!In"

-
-

"
m ) = P[XFM , Xz=3 , - . .,xn=an]

K¥47 = PEE
= If

" I



k¥5] → Assigns probability
to

all values in Sx
, ,xz , .

. - XN

(Nxinxz - - - NxD 5¥

II takes one out of Nx , Nxz . .
. Nxn values

with a probability given by k¥8]

Properties
-

I . o E p¥ExT E l

" Ekes.se?.esi.j-s?aes?F
' ' '

Nx, Nxz
-
- - Nxn values



Bj Basket containing N different colored balls .

M balls are chosen at random

probability that k , balls are of
color I

1)
2

kz I'

'

N'

.
it

11
kN

Multinomial PMF

§ [Xi=k , , Xz=kz, . . . ,
XN = kN]

X
, , Xz, -

. .

, XN

M !
=-

PY' path . . . pn
kN

k!.kz ! -
- - kn !

Pi → Probability of drawing a ball
with

color i .

Et ki = M
of Pitt SE

,

Pi = '

M Z
ki 30



Nlaaginalpmfs

Kiki = E. §
.

-
-
- San l?

... .
.
?!!"

-
""it

Kafxkn" "] -- { Ez -
- -

San
.

.tk.,×z, . . ?:'m
"" -"H

X , ,Xz , n r . , XN → Independent

Ka,×z . . .?!"×!
"
'
' '

'
"T
= Knud Kalki .

.
. Killed

% N independent Bernoulli trials

Xi n Ber ( pi) i -- 1,2 , - -
-

,
N

ki (I - ki)

Kiki] = K. G - Pi) ki -Cfo, B

Kana
,
.
. . ,%'
" ' - ' ' ' kid = II

,

pika - Kj
'-hi)

= k.E.fi c. - a.fit
- ki)



k¥43 = K. E. hi c, - pin
- E. a

Joiutcumulah.ve/2.shib#nhouFunctiou
(CDF)

E
.. iii.

"
" "" -

- EEE; -E
.

!

= P[X, EM , XzE Nz, .
- -

,
XinEnn)

F C-o , - o , .
. .

.

-o ) = O

XI, Xz , -
- r

g XN

Fi
, xz ,

.
. . , y

NG , d '
r

-
- I d) = /

Fx
, ,xz , .

.
. , xn
(Ms di Q -

-
- id) = Fx

,

Ca)



Transformation of Random vector

-

II - nam . 1¥:D
I - ridin ' ft;)
I -_ g- GET

Y , I 9 , CX , ,xz ,
.
- n ,

XN)

72 I 92 (Xi , Xz, .
.
. ,
XN)

,
l

: .

YN = 9N

'

Cx , ,xz, . . . ,
Xn)

X , -_gTG, ,Yz , . . .in)

§
'

exists ×z= g-icy , ya, - - -Mn)

=3
- '

CE) :

xn gaily , ,Yz, - - -Mn)



Sy, ,Yz,
- - i

, You

"""'

exists

→ k¥53 → thy
I

One- one

k¥47 = p±[ 5-
'

I]

Many - one

p [y , ,yz,
.
-
-

- Yn) = E E . . . . { p [ni ,na , - -
- pen)

Yi ,42, . . ., 7N {Cm, na , . . . , xD :
""" - '

'

' 7N

Y , = 9, Cn, ,Nz ,
.
- -

g
kN)

Yz = 92cm, Nz, . .
-

,
NN)

l

yn =

"

9N (n, , na, . . . , Rn) ]



Linear Transformation of a Random Vector
-

(Discrete)

→ -

Casey =p rankCAT = N

-

µ,

= ANXN Nts

i÷ii÷÷t÷¥
A

→T→

Y , =
a, I- 9 ,

T →

Yrs = Iz II 92

,

9

I

•
"

→

y .
I aint 9N

-I

9 ,

a:( ÷:: ) :
→
IT :

-,

an 9N



II = A'
'

II

Kecil = p¥[
A'
'

e'I

Casey
II = A II
mix ,

man
Nxt ,

Ms N
Manteca) -- M

⇒ ¥÷÷
" f:÷÷÷÷:b ::c:

"

NTN

E. = III



⇐it:÷÷tt÷÷÷:
µ
-
Ntl Ntl
Ntl ~ Nxn

II = A
- '

E
,

A

rank = N

KEI = p¥[ F-
'

z )
'Zi

Marginalize the random variables

Xmt , , Xmtz,
- .

.

,
Xn

f Kat

KI
=

??
-Sgt

G"'" - - immense;;
Y
,,Yz, . - -Yah, XMti n

- ' IXN



% Three Independent Bernoulli trials

t¥[I] = pck' tht
b)
g, ,py3

-Ckitkztks)

I -- Eg;)
=

"
is

13

A

Iii :X:da÷:D
L , = ki h.ms/:i::.e.kz=lz-CkztkD--lz-lz



I? .my?ishdd=phth-h+l37Ipjs-a;teeEeej=pd3q-py3-l3
X

,
72×3 Y , Yz 43 13£

k
, kz k3 oh

, l2 ↳ {o, 1,213}
O O O O O O

o o l O O l

O l O O l l

O l l 0 I 2

I O O l l l

l O l l l 2

I I 0 I 2 2

l l l l 2 3



I N independent Bernoulli trials

t±
.

=p Eric. - +5
- Ein

Y = X , t X z t . .
. + X N

ma ' ' In
. .

Kalki ] = p
"

Ci - p)
'- hi

,
kief, 13

toxin = &÷ phi c, -p)
" - hi) ejwhi

jw
= pe + G -p)

# of successes Xi
,
Xz , - - ' IXN

in → Y = X , t Xz t . - -
+ XN

→ Independent
N trials

tgsa-k.is * KID *
. -

- * Kaci

Ioycw) = Ex.CN . oI×Ew) .
.
. . . new)



OI, Cw) = [peso ta-n)
N

Pym = ¥ OI
,
as e-

Jw'
do

= ÷ I:[peiwt a -D)
"
E
""
do

a t b

= ¥ Inf) (peeing
Ci - e5

-

Zeiwsdw

w
-

-

Z

-
- It I I) to i -ha

-

Zeiwcz -Dao

coswit j sin wi a #y ¥ E'WIE
'

{ isz
-y

O
,
Zty

kid = (Ny) P
'

Ci - HN
-'

'

⇒ I do

Py fit = (Ny ) P
'
Ci - bJ

- Y
→ Binomial

PM F



EnpecbatiouofaDiscrekrandomve.cl#
II
µ,

→ Random vector

E±⇐I=E±l¥;D

.Einen)

E Exit = §
,

§
.

. . . saw nip
In.im. . - nosed

= Em. ni Kasai] = Ex!xi
]

E [scxnxz, . . . ,
xn))

= §
,

§ .
. . # gcn , ,nz,

.
. . ,nn)f¥Cn, is,

- -- and



E f III = Ex
,,×z, .

. .?!;"
ta"" - - - tanxD

=
a , Ex , i] tazExEXT t . . - tan¥44

T

= I E III] = i.ai exExit

⇒÷ne±⇒÷÷÷
.

a-- film
. .

E¥[I
' II] = E¥[× ,

+ xzt .
-
- t xn)

= Ex ,
Gd t ExExit t - -

- tExafxn]

= IT E LET

= §
,

exited



var CI
'

II) = van ( taxi) -①

, I
E¥[9GHz, - - s xND

!
Ey fly

- EyCi))

- E KEIxi - EEE,

xD))
✓⑦

From ① t⑦

var (E.xi) = E¥[CE,

xi - §, ExExit))
= E [( §,

Cxi - ExExist]

U i = Xi
- ExIxi]

Ia Cx i - ExEx ID
'

=.⇐
,

veg

= ¥
,
§

,

Ui Uj



v. cisaxi -- e#E.E.ai "÷?.⇒)
= €

,

,⇐E¥[Gi - Exited)G;
- Ex
,

✓a Xo) = Ex,×!
Gi - ExExit)Gi

-Ex
,
DD
I

=If Exiflxi - ExExit)
']

t.IE?gExixfGi-ExiHiDCxj-ExfxiDJ=fgvarCxi) t.EE, Cov Gi, xD
itj

var CEI ,xD = van (I'II)

= I
'

C¥1



van Calm,xd . - Covcxyxn)

Covcxz,
anGd

.''iii:L : :
. :L!!?I

' .

Coran,xD .
.

. varcxn)
Nxt

CE
.
I

covariances
van Cora,XD .

.
.
Cora ,,Xn)

(II
= corks,xD vaacxrd

. .
. Cor.kz,xn)L:

.

.

. :)
Covcxn, xD . .

.

VarGn)

NXN



Properties of C (covariance Mahin)

-

I ' C is symmetric .

Root For any 2
o.us . Xi

,
Xj it's

Covcxi,xj) -- E*×;[Cxi - Exited)
(x; - Exiled))

= Ex;×i[Cx; - Ex;CxiDCxi
- Exif ;D]

= Corcxjsxi)

⇒ C¥
is symmetric .

N

2 . C is positive semidefinite
.

ATER

IT I 30

Proof var CI' = ITC A

van II) -- a' C I > o
VI
o I



3 . = AT IIµ×
,

Linear transformation

Nxt NXN Rank (A) = N

C = AT A

⇒ t÷H÷÷¥÷
AT It

from property 2

C = AT ⇐
A



4 . If IT is uncorrelated
, C¥ is diagonal .

Proof
- As Xi

, Xj itj
are uncorrelated,

Covcxi , xD =D its
'

⇐ =

.

5 . (¥
is always diaguolizabk.

⇒
Eigenvectors are

proof C is symmetric
•ed and orthogonal

C¥
is +ve semidefinite ⇒ Eigenvalues

are

non
- negative

Rizo

C Ti = Kivi , i -1,2, . .
. ,N

TITI = {
0
,
its

'

Tif IRN
1
,
i=j ,



⇐fin .
-
- riff

v v As

✓ VT = VTV = I

GIV = VI

C VVT = V# VT

I eigemfhc.FI on diagonal
- f

C = V A ✓
T

-
--

eigenvectors eigenvectors
of ⇐

of ⇐
as ads

as rows

(II
is diagonal

- sable .

Trefethen
Numerical

and Ban Linear

Algebra



C = E,±f⇐ - ri ) Ext -IT]
it = EE EE]

÷)
E'
-n' " -n. .

.
. x. -un]

÷÷÷i:÷÷÷÷÷÷÷
(x, -un

CXn -M w)
-
r .



Dimensionalityon

¥ → Data vectors {I ,xT , - . . ,
In}

Ii E IR
m

II → Redizada vectors { 7,72 , - - - ith }

Ti E IR
k

k k
m

Data Mahin

D.= fix. I . -
-
In)

mxn

k LL m

Reduced Data Makin

Dy = [I Ta -
-
r

Tn)
kx n

C = E±f⇐ - F) GI -IT]



Principal component Analysis
-

Given D, = fxixz
-
- - In)

Mxn

Tofino D
,
= fit, I

- -
- F)

run

1 . Compute the mean
vector .

n
→

of = In SE, Xi

2 .
Subtract of from each data vector.

I! = I -of

3 . Form the mahin X with Tsi
'
as columns

X= Ii .

.
- In')

Mxn

4 . Compute Sample covariance
Mahin .

C×= Inxm.tn?xm-MXM



5 . Diagonalize Cx
T

Cx = V t V mxm

man

mxmtimdiagonalai.FI?7. >am
✓
"
→ contains eigenvectors of ↳ as rows

vTv=vvT --I

6 .

Estimate ut
'

(p) from VT by retaining

only top
'

k
'

rows (n, ,hz , . - - Tha) .

"
'

=P -- f÷÷÷)
.
!!
- Primal.

7 . Project each point Ii using P

Ti = PXT ,
i = 1,2, .

- - in

KXM
MX I

text

8 .
Reduced Data mahin

D ,
=

Ta -
- -
Tn) Ti EIR

's

kxn



§ m=
103
,
n =

106

D.
×
→ 103×106 ~ 109

Dy →
10X lob ~

107

Highwaymen

E±fx4xzh . . - xin]=§§.
.
. - again. .

-
anew

K¥41,22
,
.
-
- skin]

If Xi , Xz ,
. .

. , XN
are independent,

Px
, ,xz .

.

?"x! '
-
- - ' m) - Hnd Palais

. .
- pagans

1×9×42 . .
-

xnln]=E×fx.li) Exzcxzht
- -

-

Ex
, ,x. . .

. . ,xn
Exafxnln]

Jointchaaacknish.cn#FunchionIO.*?Cwi,wz,
.
.
.

,
con) = E¥f ejcwixitwzxzt

. -
- tuning



= §§ - - Egneicwinit
-
- - tuna,

K¥492 ,
r -

. ,
UN)

N
-DDTFT

If Xi , Xz ,
. .

. , XN
are independent,

Px
, ,xz .

.

?"x! '
-
- - ' m] = #nd Palais

. -
n Kalani

tox
. ,×.. . .
.fi:
""

- "
"D= with.ua . .

.
was

K¥24 , nz,
- -

- gun]
ND IDTFT

-

- ¥: ÷...÷:÷
-"n'ein: n.

dw . .
.
.
dwn

lit . . - ten

E¥xtxE.
. - xnlnf.ie#.+en0-E.xF'

'
' """I

pull . . -Out!
who

wz
-

-
O

j, -0



Conditional PMFS
-

E- =
an's

[Eta. - inn. .] =P,,×
!?;i;

- -
- said

to A
×N/X, ,Xz, . - ' JXN -I txy, Xz, - - r, Xn - l

Ka
,
. .
. ,x.
I think

.
.
. . × . . ,

%
"
-
" ' "" -①

DX
,, Xz,

-
- - XN -2

Ka
,
.
. . , xn - I

= Kin
- ' Ix ,, . . . ,xn - z

-②

② in ① Px ,, . . . ,xn -2

¥
, ,

.
.
.

, XN= ¥N/x
,,

- -
n

, xn - I n- 11×1, .
- yxn -2

Ka
,
. -

- IXN
= think

,
.
. ,xn .,

Hn
-ya

,
. .
. ,xn-z

kN
-2) x , , - - - in -3

.
.
. P×z/×

,

PXI



Two Continuous Random Variables
- - - -

[;] E R2 ④← s×,

Seo
ed Dart board with radius I

tE⇐÷#
Joint probability Density function

pay Cars) → Function on 3D (surface)
1-ON

JJ payers) Indy
= I
→

- Volume under

the surface
-N -or

is equal to 1
.

⇐
p×,yCn,y)= (Tt '

n'+5ft

O , 01W



A → Dart hits the bullseye.

PSAT = JJ ¥ dads = ¥ IT = IT

n2ty2E£
,

Pay Csny) =D

a)
ya b) Y c) y a

t.tt#K,,yCnsY)--
0 for any curve in the x-7 plane.
-

as it does not enclose any
volume .



EI Joint Gaussian PDF

2iTfqeII3@2_2snyiygpx.yCms) - I

,
-dank

→Lysa

Bivariate Geaussian /Normal PDF

3 → Correlation Coefficient - l E Ps I
9=-0.9 9=0 8=0.9
r

^
Ya

#⑤t*o¥.
P = art
WiFi

↳cars) = e- ±
pent-zsnytyz

af- 28mg +y' = En Y] [ -P) fly] > O-S
,

symmetric
1-ve definite



Marginal PDFs
-

K,Cns = I pay CMD dy

Y

by G) = J px.ycn.es) da
N

¥ KayCmyk z÷f, e-¥2,62
- 25mg + y
')

1-N -28mg + y2)

2.The
e- 2¥25

Cuz

pxcn) z f 1- of

y=
-a

set- zpny + y
>
→ 832 -8%2 = (y - Pm)

-

+nicer)
--
-

a - b
-Zab of bn

k.cn. ÷⇒ e- ¥s⇐→?f÷i÷d
y=

My = Sn , if = i - 52

↳*÷ e- has.sn
" -t.fi#..ez4-G-gmiy=

"

i



K.cm -- ÷ e-2¥,
" '

St ,

= 1- - In
"

,
- • < add

a
e

x- Nco, ')

by Cy) = I -25 ,
-
a < y - a yr Nco, D

e
yEF ^

•

Fxsyfsgy)

Joi& ##×Fx,yCmy) -- P [ X Eu, Ys y]#t
= ¥ It p×,yCn

'

, y
') da

'

dy'

K,,yCmY)= 6- Fx,yCn, y
)

Fray



Bj Joint Enponential PDF

↳CMD = { e-
C""
,
n >o , y > o

O
y 01W

a y

- (ttu)Fx,yCmD = ! J e dt du

O

= I. e-tae-s.e-uoa.E.tl! I?
= [e-

Z

- 1) [ e-Y - I] a> o , y >o

↳cub =
02 [e-
'
- DEE's - D
-

Dray

= Z - e' Ce'-D

ON

- (sexy)
=
e n> o , Y 70

F×yC-o , - a) = o

Fxy Ca ,
a) = I



Independence
-

X, y → Independent iff

Kayla, 'D = Kim Keas)

Fay Cui 's) = Fxcn) Fycy)

ed th, CMD = e-
"

e-T = Rin) pyas)

x. yes
uncorrelated

ed If 8=0 Bivariate Gaussian
-

- Iz Cn
'-192)

- •Ludo

Kay CMYK ÷ e , →Ly LD

= I
↳

e-In ÷
,

e- I
'
'

= p×cn) P
,
Cy)

For Bivariate Gaussian Ex,yfxD
8=0 ⇒ x. y are uncorrelated =E

, Eye,]

⇒ x. y are independent .



Transformation of Random Variables
- - - -

Swtis.

DOei:
Joint p (my) JointPDF my PDF Pw,zCYZ)

w = gcx, y ) Z = hcxsy)

n = g-
'

( w ,z) as w = gcn, y)

Y = h-
'
Cw, z) as 2- = hcn, y)



General Transformation n
-

- g-
'

Cw, z) T -- h
-'
Cw, -2)
-

K,zCwi⇒= p×,(5'cw,⇒ , hi'cwi⇒)/detzY÷'⇒ /
-

j
- I

reason i
'
-

- 2¥. -- FEE
.
3¥
.
]

Liueantransfonnationfwz) = Gz, (f)
first row of G → g
second row of G → h

t
rank--2 A → invertible

Pw,zCwi⇒= ↳ ( G-
'

CFI) ( del- ca-'II ← oof'
areas in

*Y N Nco, i) x- y t w-Z

Q X, Y → standard Bivariate Gaussian 92-257

(E) =P: g.If;]
Knew;÷⇒i÷⇒

-' ''

Xm Nco, l )
YN Nco, D

W N Nco, of )
,
an Nco , RE)



tx
,y
this) =

z
,¥g, e-
2¥, [W

- z say + ya]

=
e-*⇒
" " f.six;)

Covariance
Mahin Cx,

= § S

,)
det Ccxy) = I - 9

"

aii -- * Is
-it

⇒ e. doin
'

⇒
p×,
Cain = I- e

21T dettccxy)

M - re.:c.IT's :3
Mean Covariance

vector Mahin



a-- f: a-
'

⇒ E-HEEM
w = Own a. = Is

det G-
'
=
1- ow

Ow Tz Z = Oz y y = ±

E

P G. ⇒ = ↳( a-
' EET) ldeta- ' l

W
,
Z

I.tt#w*e*5kE53I7-iE.gyCw.z=fIw! Safia)
detkw.d-wrzz-sz.se

= G -5403%2

- I

Pw,zCwiH=1 e-I
" ⇒ Cuz I:]

ZIT diet'Z(Cw,z)
w ~ Nco, out)

ft] - Nce, cw.zyz~nco.at
)

2×1

[wz) =G[Xy)
2×2

Cuz -- acxya! 81 I %)
ow%:]



Standard
% Affine Transformation of Bivariate Gaussian

Nou - linear

I:3 -- E: :
.

+ I:D ±

A 1122
Cw
,
z

I
Mean

i. a.⇒ =L
-ha-wz-uz' E:D
e

wit
zit dettcw

,z

fit) - N (III. Cuz)

E X - Nco,

D)
uncorrelated -zesty's

K
,,ycmD= # e

-massYr Nco, D

8=0
-Gyu

Xie → Independent
N=w

, y =
W Z

Z = I w = X J
-t

Non-linear I
×

Marginalize
Cauchy PDF

Pw,zCw. Z) → pzcz) = ,÷÷±,
-"Zo



K,zCwi⇒= §
,

(s-
'

case , hi'cwi⇒)/detzY÷¥/
-

J
- '

Jacobian i' =II÷⇒=f¥
.

Inverse
transforms

new
, y =

WZ

J
'
-

- f: ow) detts
-Dew

joint PDF Sw ,z

knew'⇒=÷
e-tcwtwzz

)

lol

XD -

⇐
et
" '-⇒

theft)
= ) lwldw

WIN z2)

= # [ we
.tw"" do

x

= ⇐ [ e-
Ew"
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Expected values
-

+O ta
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↳ CMD = 1-

e
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thy = K, by

Linear transformation of Jointly fumssian PDF
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.

Only the mean vector and the covariance
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Y
'
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'
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Conditional Probability Density functions
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Conditional CDF
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Application

X. y → a. us . → Independent

2- = 94'D
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y

"
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-N
N"

+&

= I p⇒×CHn) kinda
a.=-D



Enpecbatiou of a conditional PDF
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Continuous N - D Random Variables
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ed Multivariate Gaussian PDF x~N(u¥,C¥)
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Marginal PDFs
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k¥⇒.-LeEs II ~ N (rt , ¥) aaTkdeEE¥)

xisxz, - - - , xn
→ uncorrelated . ⇒ C¥= )

- I

GE

'II =

⇒
E⇐⇒÷?⇐⇒

-

-

÷.ir#ie'
'
"""" ""

N

= 1- e-E Ea '
N

Tiz ( II. re):
I-_ I

N

=i÷i*¥ IT e-that
i-
- I



Joint PDF N

1¥
.

= IT ÷g e-¥!
"""

i=L

N
-

N Marginal PDFs
= It pxicni)
it

- ⇐Cni -ni)
2

Katni) =L e

,

Xi NNCui,
⇐ Ti

⇒ Xi
,
X
z ,

. .
. , Xn are independent .

⇒ All Higher order moments can also he factorized.
p [x4xt

'
-
- - xn
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Marginal CDF
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Linear Transformation
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Enfsected values of Random Vector
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Independent Identically Distributed Random Variables
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Linear Prediction MMSE
- -

case a)

T- Random variable

Minimum Mean Square Error Estimation

Eflx - 55] → Minimized .

Minimizer I = Efx]

Error vanCx) = Eflx - EAD
']

Casey

X
, Y → Random Variables

I = axtb

E[ Ly -T)
-T → Minimized .

Minimizer f = Eyfy] + CovG (x - E> EXT)
var Cx)

f = Covcxie) x - Corexit) E×[x] 1- Eyfe)- -

var Cx) Varcx)
- -

Aopt bopt
Optimum when X, y → Bivariate Gaussian .
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Xi , Xz , Xz , . -
-

, Xp →
Random Variables

(ordered)

n p

Xp# = { ai Xi Corgi,x;) -_ Exixj" "]
is Ciii

its
'

X
, ,Xz, . . . , Xp → E×i[Xi] =D t i - I,2, . . . ,p
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Orthogonality Principle
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Signal Detection
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Signal Detection
-
-

-
RADAR / SONAR

→

Signals. 5=1?;) → Deterministic

signal,, =L!:) - random "m *wig.
Pwciitraoe

No Xi = Wi Wi N Nco, T2)

target

Target Xi = si + wi f=L"w?wn) → Uncorrelated

present Cps
→ diagonal

Hypotheses detcc.w.t-CDN.co -- I In
,

No Target .

Hw '

. Xi = Wi i=L, 2, -
. . ,
N

Hs+w : Xi = Sit wi int, 2,
. .
.

,
N Target Present.

No p¥(Ii Hw) →
PDF when only noise present

Target

Target p±( I ; Haw)
→

PDF when both signal and

present noise are present .



Target Detected if M¥65 ; Hstw) > k¥63 Hw)
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MXN
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Markov Inequality
-
-

X → Random Variable takes only Non-negative Values .
↳ E' or Rt

If X has small mean ,
then probability of ×

taking a large value must be small . Piana
3141¥14,

p[X za] s Efx] 0 3 Ya

a- ,

t a > o P a=3
BE

AT Haneda
, define

x¥¥€
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a
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Chebyshev Inequality
- -

X → Random Variable with mean µ , variance
02

If a mandan variable has small variance
,

then the probability that it takes values far from
its mean is also small .

pflx -ut > a] E II ,
t c> 0

Proof
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Chernoff Inequality
- -

X → Random variable

Let MCs) = Efesx] Moment Generating Function
SEIR
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Proof Sm
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MCs)

E [ya) = esa p [ya -- esa) = esa pfxsa) -②

⇒ Paisa] I e-
sa

MCs)

Moment Generating
Function

cont
PFF

Mes) = Efesx) =£%n kinda
Disc

.

PM mess = Efesx
] = IT eskk.sn



Law of Large Numbers
- - - -

Xi , Xz, . - . , XN are IID random variables

with mean Ex and var Cx) = 822N

N

Then him In = E×Cx] In = In S Xi
N→ A I izl

Proof
✓ To prove that the probability of sample

mean v.v .
In deviating from expected value by

more than E is zero .

him pftxn - Ex kid I > E) to stall
we

New
number

PfLIN - Exaid I > E) Var CIN) By
I ET chebyshev

g
2

- -
- NEZ

As N →a

tiny, Pfl In
- Ex I > E] g O

Prob
. cannot

be so

⇒ lion PfII. - Extent ? ET = O

N→a



I Signal Detection

Xg.tw; N N (A , 02) i - 1,2, . . ., N

R. Vs are "D
as NsaN
-

In = IS X
si + wi
→ Xn = A

N ist LLN
In > At

Xs
, + w;

N U CO, 2A) in,2, . . . ,
N

RVs are IID

Neo -

In - Xn = A

LLN

Central Limit Theorem
- -
-

Xi n U C-I , t) l 'D

Y = Xi t Xz 1- - -
r t XN

Rely) = R
,
Cn) * p×Cn) * . . . * tf Cn)
-

N-l convolutions



Come
p×¢n) * p×Cn7 - N(0,2/12) MATLAB

Kin) * K, * p×Cn7 → Nco, 3112)

then * then * .
- - *Px → ✓( o, Mrs)
-

N-I Conn

.SN= X, t Xz + . . . + xn Xi - HD

Exifxi] =ExEx]
varcx-D=varcx)Normalized 1. standardized sum HD

Efsn] -- N Ex

In =

SN - E [Sw) var = Nvarcx)

-
= SN - N E×[x)

E, MNvarCx)

As N→ a

Le
E → Nco, D

PDF of a standardized sum of a

large number of continuous IID or v. s

will converge to a Gaussian PDF Nco,D .



Applications
• Polling Prediction

• Noise modeling

• Scattering effects modeling

• kinetic theory of gases

• Economics / stock market
.

CI
Xi, Xz,

- - -

,
XN → Continuous IID v. us

.

each with mean Ex and variance varcx) .

N

Sn = { Xi
[=L

As N→ a

~
Sn- Essad

=
E.xi - NEW

Sn --- -
→ Nco, D

res RE

N

PCs:÷÷en] - 1¥. e-
'
'
"
at



% {Xi}!? Bernoulli IID v. us .

N

Sn = E Xi
ist

Bimmidpgnfk] = ( Nn) Pk Ci -D
""

no
,
i, . .

. ,N

Efsn] -- NP As New

Sn - EAT
5.=-¥

= → Nco, D

N PG- p) By CLT samples



Random Processes
-
-

ed Bernoulli trials

- Infinite number of coin Tosses .

- Infinite number of coins .

It → l

T → O

n→ n → nth coin toss

{
fu
( o , I , I , I , . . . )

,
s → Sth coin

s ( I , o , I , I , - - - T s Ensemble

( I , I
,
O
, I
,

- - n )
,
→ Sample sequence

:
7

}

X ( n , s) n → Time Inder

S → sample Index



boss ist gud god Sambksegueuag
Coin ( l , o , o , I , O , I

,
I
,
I
, o , .

.
. )
M
[ n, s.]

coin' C " " O
'
'
' § ° ' " " " -

-
- ' "¥""]

Coins ( o , O , I
,

I
,
O
,
O
,
I
,
O
,
O ,

- -
n ) ¥§n, as]

n

'
y

'

,

C

XIs, s) =Xf5
]

Random
variable

Random Process × [n]

TIE n , Eris
→ sample sequences ) Enfants le2nd Nz CD

or Realizations
Realizations

! or sample functions
(

Toss

ist X Ci

2nd ×[zg
→ Random variables

3rd × [sy
( Bernoulli)

:
-



Random Process ×[n]

A

xcns.LY?a!a,sampaorseguencaRealizations

A Random variables

Xcn) XCD XIA .
.
. X [I



Pickerel
nail

?g→xcnt-n.cn]

:
r

naan]

Picture
"

ii.nai. . . . >

Process -
Joint
PMF
-

Generator

-

Random Realization
vector



I Bernoulli Random Process

P[ Heads in all first 5 coin tosses)

p[ XII =L , Xfif =L , X[33=1 , X[43=1,
X =D

spec I:D
5

= IT p[His =D =psi
's

classification of Random processes

a) Infinite X[n]
,
-
dens -

b) Semi Infinite X[n] , Of new

Xfn] ,
- A- n SO

Finite → Random vector



XM a) Discrete Time Discrete valued (DTDv)§Yw§ " PMF
es . Boffins

b) Discrete Time Continuous valued CDTCV)

n PDF eg . Geaussiau V.V

at every
discrete

1 time

}{haµ
Continuous life Discrete,

valued GDP

d) Continuous Time Continuous valued Cocu)

t PDF

Realization
Xfn) → Discrete Time sample sequence

nnfn]

X Ct) → Continuous Time Sample Function

Rect)

eq Random walk

ke - I

ucis . { I, ten -- EE, a- + i
n

Xfn] = { Uci]
,

Ufo] → IID
RP

i-
-
O



F- Lucid = + i. iz - i. z=o
Hk" 'YE:

var (veil) = i? Et C-D
'

- I = i

n

XCnI= { uci]
i=o

E[XCNJJ = (htt) - O = O

var Gas) = Eg values)
= Cnn) . var Cuco's)

= Cnts) . I

I ntl

As n- o , on xcntfiEE.su
x[n7 N NCO, nm)

Fay = xfnt - Elvis] xfn]

I
= N Nco, ')

varcxais)



Countably Infinite number
of random

variables
mail . . .

part ×"

Hitler.nail

was . .
.

O

Cq RP XCE) Uncountable sample

Infiniteoffkfndom variables functions

man
# A

seat
#

me,_
nach#



or RP Xlt)

meet-

nanny
asr

^

reach
:#

Xctil Xctz) Xctz)
Xcty)

Kath ,xCtD , xcts, ×ctg
→ Joint PMFIPDF

FDD



Finite Dimensional Distribution (FDI)
-
- -
-

Joint PDF / PMF of any finite set of

random variables sampled from a random

process .

Joint PDF IPMF of the random vector

obtained from a
random process .

I ID Random Process (Independent Identically Distributed)
-
-
-

DT
PDF / PMF of samples of a random process

µ
xcn]

N locations
{ xcni , xena , . .

.

,
Xan] ) → v. v. s .

X. [hi] → Same PDF ) PMF

X[ni] & x[ni] → Independent if it j

Pxcuihxsui] = Kang Kang
eg . vfi) in previous examples

Xlt) --

-

=
× to

Xltuttol xctzt =3
XLtd Hed Xltz)



stationary
- strict sense

④T Random Process XII is
a
stationary

if FDD does not change with time

origin .

p =p
Xfinity , xtnztno], . .

. ,x[nntno]
*End ,xCnzT , . .

.

,
Hen]

for any

for all no, for any arbitrary
N
,
and ni , nz, . . ., nn

'

if N -- I

txsn.tw] = txcni

Let n , -_O

H notx[no] = that
Xco)

Xen

-

#
x:÷t÷:

: : : :
-
to E-t

'

Et
''



Any IID Random Process is also

strict sense stationary .

Prot FDD

P
Xfn, tho] , Xfnztho] , - . . , X[nwt no]

N
- Independence

= It P×[a- two]
it

N
- Identically

= 11 P
is,
x[ hi] Distributed

Independence
= k

×[ni , x[
not

,
. - -,x[noo]

⇒ Xcn] is strict sense stationary .

RP



If × is stationary , all joint moments are

also stationary .

E C - I = E C . ]
X[hit no]

, Xfnzituo] , . . . , > Inning
Xfn'T
, .

- .

, XEnn]

Examples of Random Processes
-
- -
-

a) Sum Random Process DTCV / DTDV

n

XCNT = & Uci] -Q acid are IID
.

RP

. i=o to
same PDF / PMF

E In]] = Cnt D E[u I]

vargas) = Cnn) van (uas)

E
,
var → functions of n

⇒ X Cn) is non - stationary -

n-l

X Cn -D= E Uci] -②

①-②
i=o

U[n] = X[n] - X Cn
- D
,
Xf-D
'

- o



veil → IID xcnit-I.oulilxcnih.gov
Nz

X[ni - XENA = E using
[= n, -21

htt
×[naif - X End = E Uci]

[ = nztl

Independent increment

"
A > Nz Z nz > n , Non - overlap

Identical
"
4
-

43 = nz -n , Xcny) - thus] number

xsns-xcudtofuq.gs.
⇒ Convolution of same number of PDFs /PME

Acis)

Arrange all independent increments to create a

Random Process which IID ⇒ stationary .

b) Binomial Counting Random process DTDV

✓In] - Bernoulli RP IID

UH = f
i
,
with pros . p

Kkk %!

O
,
wish prob . Ci - D



Binomial counting n

X [n] = £ Uci) n =o , 1,2, -
- .

izo

Xfn] = {
UH ,

neo

X[n-D -1043 ,
n7
,
I

Ufn] → stationary

egg
P[x[i=l , X =D

= p[ vast UCD -_
I
,
uh - I]

= p[vastu =D p[ um =D

= (?) p Ci - p) . p

= z p
-
Ci - p)

X [n] → Non - stationary .



c) white Geaussian Noise Process (WGN)

IID process with marginal pie
DTCV ✓

(Tcu

X[n) ~ NCO, J2) -a - n - o

na
-

'

za

each v.v . xenos → are mean k.IE#oe
Variance 52

WGN → stationary as it is an IID process .

FDD

joint PDF

N

( ni , Nz, - -
- s
kN)

= IT (ni)Independentsthan]
XENA
, x[nd, . . . ,x[had it

N=T÷zI±÷
i.=L

Gorgas
e-¥2

ai
'

= 1-

i
- tanto

-'

I

= -

@IT T2)
Nhl

⇐ I In
..

- NG,o¥nxD



d) Moving Average Random process

DTCV

✓[n] → WGN RP with Nco,
IID

stationary Xcn] = Iz ( vast Usn-D) ⇒ Haj 's t.ua#Pucn-I

Joint PDF of ×[oJ, XC
'] FDD

exit. ÷
. :n÷÷,

→

II G J

E- = G J

TI ~ N(GEE] , a coat)

II v NCE , raa')

aa: ¥)



Joint moments
- countably infinite

random variables

For DT Random Process xfn] he Zf

Mean Sequence µ× = E [XIN] -a < no

Variance sequence ↳any = van (xai) -a < nsd

Covariance Sequence 3D infinite matrix in
both
dimensions

-Ns n , - N

↳Em , na] = Cov (x Cui
,
Xena)

→ < na ,

= Efcxcuis -uxoris) (xcnis-uxcn.IT]

= Efxsnixsn,]) - Efxa.DE End]
= Efx Xena) - kind Mxsni

↳ [hi, nz] I C×[nun,]

Cxfn, n] = 0×293 = van



Uncountable infinite
random variables.

For a CT Random Process Xct) t EIR

Mean function µ×Ct7 = E EXCH] -aster

Variance function TECH = Van CXCTD -astro

ZD surface infinite
in

Covariance function ↳Ct ,,tz) Entz
-act,so

= E[@Cti) -uxctiDCxctd-u.CH))
-as told

= E[xCtDXCtD] - µ×CtDµ×Cta)

EI Wan → white Gaussian Noise RP

Xan] ~ Nco, @2) An E #
HD RP

- as nsa
Kronecker Delta

Mx = 0
I

gqn,-ng={ "
"""

0×247 = 02
,
-• and,

0MHz

C×[ni , nd = {
°
'
n' *"Z

= IS fu. -ng
T2
,
n , = Nz



ed Moving Average RP

X = Iz (uses
+ ucn -D) -• snow

ucu7~NCo.at)
✓ Cn] → IID

Efxcn5d=z(EACH + Elven -it]) Earns] = o

urns = 0 An

values)= of

↳Emina] = E [ xcnixcn.TT

E [ Cucnitucn.
-D) Cucnistucn. -D))

= Laf Efucnisucni] + Efucn.
-Buena-it]

1- Efucnisucnz-is] + Elven.
-Dusen,])

F- [ van uses] = { 0 , if
k¥1

Of
,
if k=l

= of 81k- e] = off [l - k)

↳ [hi, not = # [ 2%28 Enz - nd tou}[na
-ni -I

+8284,-nit'D



Z

Q
g

n
,
= Nz

↳Imma = { Iam, in.-mi
-

- I

0 , Inz-nil > I

↳ Chyna] = { of Stenz-nd → ↳ JTS [na
- n,
- i]

+ ¥ of 8 [na
- n

,
ti]

Wide Sense stationary Random Processes
- -
- -
-

Wss

A-
D
R . P ×[nT is wss if

a) µ×[nJ = µ constant) -a -
new

b) Cx Cn, ,nz]
= g ( In, - n , ,)

-de ni
,
naw

⇒ Efx ) = u ,
- a - new

Efx [nixing] = ↳Cm , na] + u
"

I h ( I hz - nil)
-Adhi , nada



egg . Moving Average R -
P.

If X[n] is a Sss R P,
then it

is also a WSS RP .

Proof If xan is a Sss RP

to
Xcntno]

= P×[ng
t n

, no

Let n=o

↳ [no] = b×[ o] A no

⇒ µ×CnT = µ - a en - a

with N=2

µ A nynz, no

*Chithra]
,
X[nztuo]

= t
xcni
,
XCND

Let no = - n ,

two
,
xfnz -nd

= tx[ni , xang
-①

Let no = - nz

tx[ol ,x[n, -nay
= then ,]

,
xcnis
-②



txE,x[nz-nd = too) ,xEn , - nd - Kunis
, xena

Cxfnhnz] + µ
's

= E [ xsnisxcnztf-Efxcosxcnz-n.TT

= E[xaisxcm
-ni]

= hflnz- nil)

⇒ XCNJ is WSS RP .

WSS RP relies only on
conditions on

first order ( ux) and second order (Cx)

moments of the RP .

X[n] is Sss ⇒ XCNJ is Wss

-
l

:



WSS Random Processes
-

DT RP XM is WSS ne #

iff
Mean Sequence

a) µ×fnT=E[xCnIJ=µ× → constant

covariance Sequence

b) 0×19 , not = E[
xcnixsn.TT - up

= g. (Ina-nil )

ELxcndxcn.IT = h(in.- nil)

CT RP X Ct) is WSS TE R

iff

a) Mean Function

that = EFXCH] = My → constant

b) Covariance Function

Cxctistz) = Efx
Cti) XCTD) - q2

= glitz- til)
Efxctixctz)) = hcltz-ti)



Auto Correlation Sequence (ACS)
- -
- -

If Xan is WSS
,

Efxcnixcnis] = h (Ina -nil)

hi In
, Nz = n t k

earn.vn'

: :*:÷:c:
"

?.TT#NxCk
] → ACS k Eff

n
' na

↳n-1k

→ depends only on time difference

between the samples Ina-nil =) nth- n)

= Ik)

→ Measures the correlation between

2 Samples ( n, ntk)
or v. us at

→ value of n is arbitrary .



ed Differences

x [n] = VENT - U Cn -'J u [n] → IID

= Efxsn]] -- Efren]]
- Elven- D)

Mean Mu

Mx ENT variance w
= th - the = 0

EACH Uce]]

→as = E[xaisxcntk
's] = qfsfe- k]

= E [ (uan - cha -D) (u[n to - ucnxa - DD

E fuses uses] = of e - as

n×fkT = Efufidufntk]) + E fuk
-D Ufntu-D)

- E n -D usntk]] - E[u vatu-is]

= ru's + risk] - of Scuti

- risk-D

n×[kT= 20581k] - of SEK-D -of sand

*. .- I :÷ ; :i:
O

, IKI 71



Properties of ACS 0×43
- - - -

K-0
a) ACS for zero lag 0×07 70 .

Proof
-

→ CUI z Efxaixcntk]] t

-1
sans Isr

miles = E[x4nI] > o -

I

X[rid → Voltage across a 152 resistor .

m×Co3 → average power of X[n] An

YENI = X'En]

Average power EARED = → Col

b) ACS is an even sequence m×[wT=rxfkT

Proof -
✓

maid -_ Efx Xanthi] -
nth"

I maxims €|
= E[xcmTx[m-tis]

mtfk) ← ←
I Nx f-K) n- k n nth



c) Nhanimum absolute value of → [kid is at

k=O

X.says mad
for some k

Indi ) = 0×63

Boot Cauchy Schwarz Inequality

IEunfvwllstETFIEwcwfv.ws .-us .
V = X Cn]

,

w = X[nth
]

( Efxcnsxsnthils FEED TEETH

= Eo Eos

Hail Efx1)maid / Em, cos
If × [nth] = c XSNJ c. → any scalar > o

An

IEC x XINDI ) = IE [× c×[nil = a ECKES]

Ethos ¥sT = C E[x2Cn3] mica

was = a. cos * a
't--

-3 -Z - I 0 , z



d) ACS measures predictability of Xan] .

X [n] → zero mean R -
P .

=

Kick]
Correlation coefficient f -

said ,Xanthi Nyco]

Proof v ,
w → zero mean v. v. s .

-

sun -- =

.

V = X In]
,
w = X [ntk]

Efren] xanthos]

P =-

xsns,xcntD FEED TEEMED

=
BED
-

THEE ← from Ca)

= V×[k]N×[
o]

ed Differences

banana, = {÷: : ,

Oi 121 > I



e) ACS approaches µ2 as k → a

N×[KI = ↳[n,
nth] t U2

Asked
,
↳[ninth]

→ O

⇒ →as
→ m2

f) Acs is a positive semi-definite sequence .

RP
Sample X [n] at n = 0,1 , 2, -

- -

,
K - I

= ÷÷) xen - woman wss

van@T
II) = at 12¥07 30 for k > i

n
,
IoT next] . -

. r×[k-I]

R¥= ( m?
'' mas

.

-
-

- min?) =1 ,

I

,

"
"

→[k-D milk-21
. .

. n×[oJ

as m, = ↳[ninth] C = 12¥



§ White Noise

×
→ WSS R -

P with zero mean,
identical variance

,

uncorrelated samples

kick] = E[xcnJx[into] ↳Cnn-14=0×43
-u}

nah
°

KIKI = {
0
, 1kt > o f-a

0×2 , K -- °

gas :{
'

o

'

,

"£o

0×47 = 0×2 S [ KT finite Impulse Response

FIR
causal

ed Moving Average RP XCNI [ucitucn-is]

↳ [n , ,nz] =
II s

n' =n2 na-n ,=k

{ II, lnz-mt-t.cn, I

°
,

01WT.o.IQ#xEn3rxCeJ='

II , k=o way
-

- Eyed{ ÷
,

'

!. reasons
+ EISEN 'T



eq Auto - Regressive RP

X[n] = a Xcn-D + van] - • a new

talal

Ufn] → WAN Zero mean

variance 802
1113

T 1kt
ACS mais = a t k

I -ar

wit Impulse suits →

""Impulse
or Responsekueneckea

In general Ddt present

MA RP x = b Usn- it + VID and past

FIR inputs

present

AR RP XEnT= a X
In-I + UCD input and

Past output

use¥-1112(ARMA Rp
delay ,#

'

delay

Xfn] = a XIN
-B t b Ufn -if + off

Present input

Past input

FIR → Finite Trufsuhe Response post output

1112 → Tnfiuite Impulse Response



Power spectral Density (PSD) Ix =X*CHXCA
- - -
-

DT
For

any Wss RP Xin]
,
PSD R, Cf)

^ ,g
Px G) = mhjma.am, E [ I £7.mxcnse-htt.LY

= mtimozmt,Ef.Emxcnsebifhmq.mxmgeiztfmg-mtisma.am#FEMI.me#nIxqm5fe-J2tfCm-D=mhjmazm+Tf=Memm.EMmm,
cm-ng e'

izitfcm-n)

we have

⇐m mom
-u) =q?zmGMtl -1kt) gck)

→
Both sum of
elements of
2Mt l X 2Mt

I

Pxcf)= miff# a¥zmC2mti - in)qqg e-2Tfk Mahin

Px = mhiga.AE?zmCi-lzk#m,srIe-J2Ifk
TO DTFT of

7×93 e-
J2Tfk

Rich = E Acs roxas
k=-D



+a -jzitfk Wiener-khinchin

R, Cf) = { AXED e theorem

b-=-D

Discrete Time Fourier Transform

+A

RICH always emits as { Insist < a
k=-N

PSD is DTFT of ACS

RCH
mais .

ef White Noise

n×[kid = 02 SCI

P×CH= r's e-
Jzitfk

k=→

←
digital frequency

2 w=2ITf
= O - Iz Eff Iz

eg AR RP

N×[k] =
002 14
- a - A C k

- N

l - of

of
R, (f) = -

It a
'
-Zacosczitf)

- I Efftz



Properties of PSD R, Cf)
- -
- -

a) PSD is
a real function .

+ a

P×CH= { m×[a] cos Gifted
k= -A

proof to

- R, (f) = § →Ek] (cos@itfk
) - jsincziifk))

2=-0

= §÷N×C4 cos Czitfh)
-j§÷×as sincere

even even
even

odd

even
odd

a€!NxSH sin Czttfk) = ,€am, sin fu) t missing"fh

a

= { ref-e)
sinfztfl) taffrail sinczitfh)

1=1

=
-⇐ missin fat

massive Gath

= 0

to

⇒ R, (f) = Email cos Czitfk)
K =-A

DTCT
Discrete time

cosineTrans



b) PSD is non-negative

Pxcf) 70

Prof
R, = lmijna.zmt.EC/E.mXCnIe-J2tTfn/2Jzo

even function

C) PSD is symmetric about f=o .
off .

Raff) = R, Cf)
trot P×Cf7=£?frx Coszttfk

Riff)=£%×Ek]cos2Ifk
k=
-N

d) PSD is periodic with period one .

Pxfftl) =P, Cf) f-=L

Proof
- to

P×CftD = I 7×43 Cos C2ICftDk)
2=-0

+a

= I n×[k) cosCzttfktzitk
) KEK

k=-N

+d

= { MELT cos Czitfk)

k = -
d

= R, Cf)



e) ACS milk] from PSD R, Cf) .

iz
IDTFtp

,
guy = J R, Cf) ejrdtfkdf - ask -N

-iz
IDTCT iz

my [he] = J R, Cf) cos Czitfk) df=§R, coszitfk
-I even even off
Z

f) Average power over a band of frequencies .

Average power in off,E f E f,

Average physical power in [f, ,fz]

fz

= 2) R, Cf) off
R, Cf)f

, a

Average physical power in Coe 's] +2

÷
= 2 J R, Cf) If - t f

, fat f
Z Z

O

= tf,zR, Cf) cos zit @If
df

= → fo] =E[x4nB



wss
X Ct) → CT R. P. - a stand

Bandlimited f- w , w] Hz

Nyquist sampling Theorem Fs ⇒ 2W Hz

DT RP

X[n] → Band limited with man . frequency

= II = Yew = I
W=ziTf

→ Bandlimited f -Ii I] nadlsec

Continuous Time WSS Random Processes

- - -
-
-

Xlt) - • stew → WSS RP

t EIR

Mean Mx Ct) = Efxct)) = µ -O - too

function
Gct, ,tz) = 9( Ita

-til ) , syce,,tz)=C×Ct , ,tz)
+m2

Autocorrelation Function (ACF) = hah-til)

m,
= Efx xct -12)) - NLT- o

T EIR

E-[XLTDXCTD] → depends only on Itz -ti )

EIR



Properties of ACF MCT)

a) ACF is +ve for zero lag Mx co) 70

rrxco) = Effects] → Total average power .

b) ACF is an even function (symmetric about

mate) = ox
7=0)

c) Man. value of ACF is at me

try If nxco)

d) ACF measures predictability of Ift)
.

I

correlation coefficient zero mean

µ TO

S - nx
Xct), XGta) Nx co)

Nyce) = ↳ (e) +
m2

e) ACF acres → ie
'

as I → a ↳Cre) →

f) ACF is a positive semidefinite

function .



Power spectral Density Px CF)

BCF) = fins
,
÷ E[ I z×c⇒EJ2" Ftdt 12)

Wiener - khinchin Theorem F → Analog ( AZ)
frequency

+N
-jztt FT

BCF) = face) e Iz
- d- FLN

CTFT
-a

= I!n×Cc) cos GTF DI Cros

Average physical power in [ f. ET

Fa

= 2 J R, CF) DF
F
,

Properties of PSD R,

a) PSD is a real functionof F .

R, = Ifm, cos@HFT) de → real



b) PSD is non-negative .

RCF) 30

C) PSD is symmetric about F=o

R, C-F) = Rice
)

d) ACF next) from R,

ICTFT
+ a

Px (F) eJ2ITFzn×CT7= f DF -a -Isao

-o SED an
ICICI ta /

Nyce) = J Ps, cosGIF IF -7° T

-a 1=0

white Gaussian
Noise Dirac see) = {undefined ,O ,

Ito
ee wan x Dcihfuhe '

I!sc⇒dz -- I
n×c⇒= NE son I;n÷s⇐iE" 'Tee

on

+can BCF) = NI - NSF < A
= sees da

Nok
Z Px now

-a

= No

° a Band Unlimited - I



G WSS RP nice)

Xct) → Band limited if R, Chemists for

only f-w, w]
,
won

mine)
Band unlimited if BCA exists for

C-a, a)

Dy WSS RP now]

X In] → Band limited if Pxcf) exists for

mins
only f-w, w] , Welz

Band unlimited if Px Chemists for

[-I, I] → Full
period

Xct) or xcn]

mxfe) or neck] R, CF) or Bcf)

Time Limited ⇒ Band unlimited .

Time Unlimited ⇐ Band Limited

-data

eg R, Cf) = o
'

,
-Iz Eff 's Band unlimited WGN

m, [
his =#ID time Limited

PSD

ACF Tx → Continuous ⇒ R, (F) → Aperiodic
Aperiodic continuous

ACS Texas → Discrete → Px Cf) → Periodic

Aperiodic continuous



CI WSS RP xct)

Q p
,
CF) = { N°12 I

IFIEW
Band Limited

0
,
IFI > W RICH a

1-A Notz
next) = f R, EJZTTF" de ICTF¥.¥

-a
-W W

TO
jzIFT

= Noy J e de Spectrum

÷
= Moz J cos Carter) DF

-
w

= NE . 2 ! Cos Czitfe)de
w

SinCat FT)
= No to
= Now sinful INT)
- → Sino function
21T WE

Nyce) = Now sine Gawne)

sixth r now
time

Unlimited÷÷¥÷#¥÷*



Multiplication in Convolution in

Time Domain
→ Fourier Domain

net) react) X , (F) * Xz(F)

Reverse of the property ou 2 PMFIPDES sum

with their characteristic functions (
Independent ) .

Mima R,

not
sine¥r.

-T, T,
T V F

mice) = acres × rect Rice) = R
,
* sina.CH

time time time Band Band Band
Limited unlimited Limited unlimited Limited Unlimited

Multiplication convolution

mine) s BCF)

c-

I FT

mice) RICH
←

I FT



Ergodicity.in#an
Let Xan] be a DT RP obtained by sampling

a CT RP Xct) .

Sample functions of Xct)

Terje
nice,

#
Mdt)

D
#

NzCt)

sample .

functions ,

#n,
Ct)

no

µ -t

time Average ie, = in { many tiny,rar(Me)
-

-o

MIO

M- l

Ensemble Average ME
-

-hint §oNm[no] no → fined

My

Ergodic in
Mean

My = ME

Y l ID
,
Wss



1717 Linear

Discrete time t'll systems time
-
-
- - Invariant

Input LSI output
man] , man

-hi
y , ,

yin-no)

NID
,
Nafi-M DT yzfn], Sir

-
nd

a. a,[n-ud
LTI system a, y , [n-no] + azyzcn

-no]

+ a!nIn-n'd
a, y ,

+ azYzCn]

arnica] taken]

kronectarfa
,
ggn.gg ha] Impulse

unit Sten] hang Response
Impulse = { i,

no

0 , 01W

Any DT sequence) signal
to

nail -- Enes sa
-D

2=-2

ZS → zero state
+N

NIKI hcn-k] →
Discrete

⇒ yfn] = { Convolution
ZS

z=
-N

= It has nfn-k]

DT LTI system
-

-

-a

→ characterized by impulse response

has

for all inputs
acid



LTID

seas -- Z#7→ycnI=hCnIz*En¢SENT h[n]
f -

B- Impulse Response
Zero-state Response

to

y[n] = { tick
) NK-KT

may = zn
k=-d

to

= I h[ KT
zn
-k

k=-N

+0 -K

= Z
" I had z
k= -N

ya] = E HEE]
+D

H [z) = {
hard Z

-n

→
Transfer function

n =-D

If causal
h[nI=0 , n so

+d
-n
→

Z-Transform

Hfz] = E
ha] Z

of h5n1

n =D

Constant Coeff. linear Difference
Equation

yfntn] ta, y [ntn - I] +
. .

- t an y En] z bon[
ntn] tb , nfntn

-D

+ .
. . t bn aln]yfni-NJ-ENY.sn]

Q [E) y - In] = PIET
ran]

QCEI z" HGT = p[ET z
"



A1 , Az , - . - , AN I O

⇒ yfntn] = boxCntn] +
b
,
Nfntn- I] t .

- . t bornIn]

If nCnI= SENT , yfnT=hfn]

hfntn] = bog fn-in] t b , Sfnt
N -IT + - -

- t bn SIN]

HINT → finite length

→ FIR filter .

h

NW = Z

yay =EHC⇒

Substituting in the difference equation

( zn
-1N
+ a ,

zntn
-'

→ . .
. + are) Hft)

= bo Z
"N

+ b
,
Zn-1

N - I
+ . .

. + bn Z
"

Current sample → n -1N



(ENT a, EN
-'

t r
- - t an) z

"
H [z]

QCEJ
N

-

N

= (bo E t b, E
"
t . -

- t bn) I

PEE]

( zNt a, ZN
-'
t .

. . + an) z
" H [E)

QCZI
= Cbo ZN t b , Zn

-'
+ .

-
n t b w)Zn

pfz]

⑦ [Z] Zn H Iz]
= P [z] z

"

Transfer
HH =

PET

Function QTEI / when men] = Z
"

Z-transfo.my
+a

Bilateral
*[⇒ = {

seas z
-n

non- causal

n=-N

Inverse acid = Ifj § XEEI E
"
de



Unilateral Z -Transform

a

XfzI={ nan] En (causal)

NIO

Existence

Heals - Isi =
n=u

⇒ 1€. men
] En I so

It nine -
. .

⇒ E- I :#Is
,

= In sink
,

n

oasis - I TEI - l
A n

I TEI
HI > tool

NIO

for any maid
, if we can find no such that

zefn] Loon ⇒ 2- Transform exists

-Infinity
Any signal maid growing

not faster than

exponential has an Z -Transform XL⇒ .



Any finite mln] → Always has Z -Transform.

Equine impulse (shifted
)
-
n

gqn.az { i,
n=k

1 . g[n -k]
& Z

o,
nth

&

E Scn ;D Eh = z
- h ucn]

I
n=0

unit step z I
2 . u[n] -

z - y
O l 2

In

I. was # = E- z-n=I⇒HzI
"

-¥
1¥14

=L
I - I 12-171
Z

= I l
Z- l
-

s . omens e-I

hfnI= Z - 8 f -
^
-+ %.si .-n -- EEE

.
!

Converge when Izl > 181
=
I will be

18151 I -I z=8 within unitZ

→ pole circle when
= 7- → Htt) 18kt
z - 8



Properties

¥5.7, + men] Is X. [Et t HH

a.
satin. e- axa.is:3?nEI-n

es .
e
a X

3 . Right shifting
z nai 3 4 56 7

zefn -m] ufn-m]
- p

°

( nfn-m] uses F- na-duo" so a
T TJ

g O

{ seen-m) E
"

xCn-of u Cn]
✓

n --m
n - in =r

a 3 4 5 67

= Email z
- Gtm)

p
r--O O

= z
-m§on E

'

= Em X. [Z]

A

2- [na-m] reais) = { a. Cn
-my z

-n n -m=r

n =Mtv

NIO

=

,

Enna E
'"? z-mf.E.mnc.IE't
-i

Inas E
' ]

= Emxfz] + z-mzn.gr] I
' Ho

r= - M



4 . Left shifting sefntniufntm] § zmxfz]
-

zefntm] ucn] Is pf
O M

⇐oR[ntm] z
-h ntm -_ r

←m,

=⇐nnHE
"-" E⇐?nasE' :{

'

none]
Z

m
-

{qgz-rncn-123ucn.tt
z Xftf

= Zmxfz] - Zm { o o 5 6 7
- T

mo O
Un) 345 67 Ncn-12T uh]

-z
-I to 1 2 O O O O F

T
s . indued

Is XE] o

⇐ rumen - EE.ci#jnnaIExEI=XfEI
6 . nasi uses Es - z # GLAD

-zftzfxfe) = -z dfz(Ignatz-n)
= - z I - naan] z

- n - '

a
n=o

= Ennen] z
- n
= Zfnncid]

no-



Time Convolution

7 . nisi * nah] Is X,[ZI Xz[Ef

zfa.cn * add] = In (EImasse.cn -B) I
"

-a

n -k= M

n = m +k

= Ie: I;mIaemI¥⇒
+a

= Else,cos Eh I seem] Eh
k=-N m =-D

= XIA Xzft]
Time Reversal

s . nfn] Is. X Liz]
+a

I nfn] En
n= - m

n=-D

= II.ncmizm-m.E.name#Im=xEzI
Initial Value X = No] -1 k¥1 + . .

.

9 . nco] =
him Xfz]
-

2-→a

Final value HI
10 .

twig, alar] = zhjm, A
-D XIZ]



DT LTI system-
Impulse

Impulse Response
SSN

pg
has]

NED LT '
yzsqig = nai

* ND

Transfer function

HAT = f- [ this] (coast . weft
)

Hfz] = Pfe) -
linear Difference
-EwezhiofransfofQ.EE

p
,
@ → Goff

HIEI = Yes

FEI

as yzs
= HIEI XII

Unit circle
Z - plane

Intel

Rech

caused

h = E' [Has]
hfu) -0 ,

no



stability LTID
- nail ya]
Transfer Function →→⇒Hfz] = PSI Diff. een . - had

Qfzf, SAT =nCnI*h[n]

A

Hft] = { ha] E
"

Impulse Response

n =D

YZSIZT = X HAT
⑦

Hfz] =
YZSCZ] Zero state Response

TE

Roofs of Pfz] →
zeros

Roots of Q → poles ) of HEH
No common

roofs

LTID Causal system is
PAT , QFT

i . Asymptotically stable iff all the poles of HEH

lie inside the unit circle .

2 . Marginally stable iff all the poles of HAT

lie inside the unit circle except unrepeated poles

on the unit circle.

3 . Unstable iff atleast one pole of HGT lies

outside the unit circle or there are repeated poles

on the unit circle .



RelatioutoD.tt#XCzy=&?nfk7Z-kz=zeJ-2tf Z - Transform

k=-N

r=I Stable
+A -j zitfk

X (f) = I x[A e D.TFT

k =-A

'
a

NET = J XCf) e
's Fk
df IDTFT

az

^
Z -plane

⇒

Caused
All poles inside unit circle ⇒

ROC includes

stable of HIM
⇒ Dyer eaisufsit

circle



Zat
, . nuns
£

€52

- zddzfzcucn'D) = -zdazf¥,) . -zLE]
CZ -D2

= I
⇐-D2

z .
8
"

u Es 7/8

xc⇒=
=¥

z .

non urn] Es -zdzz (II)
= 8 Z
-

⇐-8)
2

4 . Aspen
um HI

= eJBn+ e-IBN
h Costs n u Cn]

↳ Juli nstrcospsnucu]

= Iz B)
"

was +LeiB)
"

um ]
DIEf¥.pt#.iis)



-I

FELT ID system Ccausal) HE] = 37-52 Z→h[n]
- PCH ← 2-2-52--16

⇒

, . ycntz] - 5y[ntl] 1- by
= 3 xIntD t Such]

y = 11/6 ,
y 2-23

= 31 seas = Co . 5)
"

UCn]

→ 36 I

yay - 5 yfn
- I +by In - 27 = 3 a Cn - D t 5mLn-I

yes- 5ft7 IZI t I] -16 ¥7 t¥+37] ¥5.si#z.E..,
z L①

as Xfz] = -
Z -0.5

y[n -Dufy Z-ztgyfz-I-tzyf-B-yf.rs]
m=2

yfn- I used I ¥y[Edt YET me I

uh-mynas F- Emxfz] + Emi'€mnciIEi

nH=@sinuous 2--2-2--0.5
afn -2T Is z

'ZI
= @5)

"-Zulu-2] 2--0.5

n[n -i
Es z

-'

±

= Co .5)
""
uqn-i]

2--0.5

① ⇒ @A -Eiht -¥yGDtzt¥
=
3

Zero input

Is t
5-
2- (z -o .5)



[ 2-2-52--16 ] YEH = f¥+3) t 3Z
- z(z-05)

2-2 yzsfz] = Hfzfx HI
= 32--15 z

y[zT=
Et¥+3) Edczz-153 Esto

'

Eas

-

+-

2-2-571-6 zf (z2-52-+67
(Z - 0 .5)

Y ft] = 37 - 11
→
32-+5
-

-
- -

Z @-3) Cz-2) Cz-3) Cz-2) CZ-
or5)

¥ = Ea - ¥, -i -I¥+÷:?s2-

u⇒ = EI - ¥5 - ss -IE' '
--

YOGI Yzsf⇒

YES = 5 If u [ n] - 2
"
acid t 5.6 63)

"
uh]

-
-

YoIn] - 7.33 (2)
"
u Cn] t 1. 7336.55

uh]
-

Yzs In]

yfn] = - 2.33 (2)
"
uh] -13.6 (3)

"
acid t i. 733 to .55ha)
-

yin] Natural Response ¥3
Forced Response



÷:t7÷:÷:÷.mn
LSI

Hft) =Z [head] →
Transfer function

HCZ)= PCI
QCZ) ycz)=Z[yah]

=
YCZ) Xfz) = 2- fam]

HG) -
xcz)

stable iff all roots of Qcz) are within

unit circle in Z plane . HATE Hlf)

ed Moving Average FIR

xcnt-tzcuas-ua.gg#7n-F
"

son] Efsa,has" +8k$
was → wan

+AImpulse hgn]=1z[said +84 -it] zfgqnjf-zss.ME
"

Response

Transfer A =lz[ it z
-'I = lzfztz)

"" I
,
at no

function = I



et Auto Regressive HR
yay I Ycz)

Yfn]= a Yan-D -1×47 ya-D#Ekycz)
Otp past one ilp

7ft) = a E
'

y G) t XCZ)

( i - AE
' ) YG) = XCZ'

hay , E' LACED

HGH YET

⇒
-

- ÷.

EI Difference FIR

Y [NT = XIN) - XIN - D

Turok had = Scn] - Sten
- D

Restart
y Cz) = XCZ) - E

'
XA)

Transfer Y Cz) - I

functionHCA = - =
I - z

XA

FIR → Pole at zoo ⇒ stable



DT LTI systems (causal)
-

→
zero for

Impulse Response →
had

n<o

Z - Transform
A-I

transfer
µ (z) = ⑤has E

"

,

2- = N
" f

, systems
function n=o

In
n z-plane

Tweak through lookup table . ,
Retz)

Discrete Time Fourier Transform CDTFD

Transfer to -jzhfn Unit circle

Hlf) = I hate r= , in

function ,
n
-
-O Z - Transform

+I only stable

hqy = ) Hlf)
"t"
If systems .

jw
⇒
s-plane

F--I

CTLTlsye.to#Ccausal) •

Impulse Response →
hct) → zero for Eso

Laplace Transform
transfer Hcs)= §hCt) Est, 5- ttjw, AshtrayFunction

Perverse through table lookup .

Continuous time
Fourier Transform CCTFT)

Transfer HCE) = f-net) e-
J2"Ftdt

, cjwoanis, ' '°sFabkFunction
+& systems

htt) = face) eJ2TFtdp
-a



WSS Random Process through LTID system
- - - ---

WSS Lst WSS
um 17 ×a, >Enema

-D

→ hang → ne
-in

a
stable

Usn) → WSS with mean µ, and

Xan] → Wss with
ACS muck]

Wn] = Efxti] = E[ II.has uh-D)
1-N

= { had Efvsn-D] . I
k=-N d

to

= µ, I had ( i.e
." h)

k=-d r

¥
-j2TCole)

Mx =

Mu HG ) Z - I ⇒le
= ,

Aco) in f domain

HCl) in Z domain



MCD = Efxqn] ×an, by]
× = has * van]

= Ef IIIhas von-i] n vent k -D)
= E [ i.IE?hsi3hCi3u8n-iIuEntk-jT)

= if §÷!hCiI hot E [van-i] vatic -is]
→a
td

= § § h His ru Cn-in-i -nii
=-D = -D

1-N id

= § ? heil has murti) -j]
=-D

= -D

xD xd

= ? hsi) § has a Cacti> -j]
=-a =-D

Let

III hsi] afcut 'D -j) = gfkid



1-&

K, [k] = { hci] gfkti]
ie-a

Let e=-i

→a

Wk] = { HE-e]
91k-l]

1=-0

Axlk] = h f-k] * gf
k]

where gsk) = has * rock]

⇒ Kick] = hfk] * HEk] * rock]

Taking DTFT on both sides

F from] = F fhas] 71hm
] Afraid]

P×Cf) = H*Cf) Hlf) Pu Cf)

RICH = IHCFIIZ Puff)

ed White Noise

Puch = of

Bff) = IHCf)12002



muck] = of sad

way = HI
-k] * had * of KJ

=rfhf-k] * h[
k]

Let
.

+a

= Tf
' { HC-i] h [k - i] me

-
i

i. = -a

+N

Wb) = Tf £
him] h [ Ktm] - * skew

m=
-N t correlation

at Mtouing Average Random Process

Xfm] = @GI tuan -D) Iz u → white Noise

xczi = u ⇒
"

2-

HG) = XCZ) it z
"

- = -

UCH 2

hand = { I , m =
o ,
I

0 ,
01W

His = 002 €gh[mTh[mtk]

Convolution y
,
= a. In] * nah

]

Correlation y, fig =
RENT ⑦ NzEnT = a, f-NT * zen]



man =
M&a Mcm] , k=o{ rigo has hem -"Is

,

14 ' '

1472

a.as = f
of [⇐Tt Y ' II ,

no

y
ou
' CEI z aah ,

14=1

, 1472
O

- jzttfk
BCA = 'S → [is e

b = - I

= + q÷ edit + II e-
""taoiaasatf

R, Cf)
= TI [ it cos 21Tf) - Iz f f s Iz

2



Q Auto Regressive RP HE)

XM -- a xsn-is + way
→
HI

Ufa] → WGN
was = Pulses

Taking Z -Transform puff) = Of

X = at'XCz) -1 ucz)

HEH XI =L
UCZ) i -at

'

PSD R, Cf) =/ # Cejztf) 12%2 = 002/1
- a e-I2Tf/2

when n = SAD a

had = ahfn -D t SENT HC⇒= I a
"

z
-h

n'-o N

HC-D -- o =n§⇐)
"

has = anussn]
us"" {% ? =

1- tzhlal
I - a-
7-
hFkI*

for k 70 ad

meD= of I am us Cnn]
am

-1k

us [mtkTd{haI*ru
m=-

N

= of ah I. a
"

= of ,a÷ , laki
A k r×[kT= of a

'"
lat - I

-2 ,

I-a

1112 filter as me CD to ,
as k - a



Revision Periodic X
→Ct) - Continuous time Aperiodic ✓

• ENT → Discrete Time Periodic X

Aperiodic ✓

Fourier series → Periodic

Aperiodic
CT DT

as:÷Ef÷.*⇒÷#÷::*..
Const. coeff.MG#HCF)xCfy Const. coeff .

YAH Hlf) XCf)

linear ODEYG)-- Hcs) xp Difference Female.CI?=HGJXCz
)

sect) XCF) nail D XCf)

+a -j2Hfn

= Ijn EJ#Ftdt = {mais e
n=
-O

f Tunas
- arm's JuniLaplace of s circle

htt) - Hcs) hang EACH of Z

+a

=

'

IIhctsestdt = { HENIE
"

n=-d

jzttfs=Jtj2T F
z = see



+ADIM R, (f) = { milk] e-
J2"fk

pxcfti) = Pdf)
k=-N

m,
= Efx'm]

IDTFT N×[kI= R, Cf) eJ2Tfk off ← ↳o
-iz

time Freq.

I . Periodic
i . Discrete

2 . Aperiodic a . Continuous

3 . Discrete mind 3 . Periodic Riff)

4 . Continuous mane) a . Aperiodic RCF)

5 . Time limited ⇒ 5- Band unlimited

G - time unlimited ⇐ 6 .
Band Limited

LTI* good
.

?;.IE?,+a...a-eosa, net-to)
-

+ aznzct-to)
LSI

y , , Yalu]ma

yen-mg + as Yen- nda, Nifn-up] taz Nz[n-I



For continuous time WSS Random Process Uct)
CT

⇒①i→x⇐'causal

Uct) → mean µ, and ACF note)

Xlt) → WSS with

Mean µ×= HAD no

ACF
'xC⇒=hC-⇒ * h * rucz)

PSD PXCF) = IHCFSIZPUCF)



For discrete time WSS Random Process Ucn]
DT

xen
causal

Uch) → mean µ, and ACS Noble]

Xfn] → Wss with

Mean u×= HCD no , HIT =D

Acs r×sD=hED * has * rock
]

PSD Bff) = / Hlf)} Pu Cf) stable

R, =/ HAH'RE) any

system



Geaussian Random Processes
- -
-

DTCV

- physically motivated by one

- Mathematically tractable

number of random
- Joint PDF of any variables

is multi-
variable Gaussian

-
Given mean sequence &

covariance sequence,

we can estimate joint PDF

- If Gaussian RP is WSS, it is

also Sss .

- Gaussian
RP through an 271 system

gives
another Graussian RP .



Multi - variate Graussian PDF

±⇐⇒⇐÷⇐⇒Joint PDF

p CI) =
1- e

II @ TINK dit'ZCC¥)

⇒ .⇒c⇒=÷÷:D
Covariance Mahin NXN

CIT
=

vaacxi) Couch,xD -
- . covcxi, xn)

Cook, ,Xz) Varcxz) .
. .

Covcxz, xn)( :
i

.

. :)
Corcxyxn) .

.
.

vancxn)

t - Tex
, CII define entire PDF.

2 . If C¥ is diagonal @⇒ ,;=0 , its
'

then x , ,xz, - r . , xn are uncorrelated and

independent .



I. - NEE ,C¥)
3- IF = GII fg → MXN , MEN

Es n Ncaa:* , GC Ge)

ed white Noise

Xin]

MINI -- FIXED = 0

Kick] = 0284T

white Graussian Noise

X[ni] N N ( o, J2) each marginal PDF

± . ÷÷:) - "o
K

KCI) = IT p ( noms)
mais

II i=l

%¥a÷⇒,
"⇐5's



TI - NCS , II)

WGN is IID ⇒ stationary .

a) Gaussian RP with uncorrelated random

variables have independent random variables
.

Proof
- C× → diagonal

k¥47 = ! p×↳Cncui3) → independent.

b) A WSS Gaussian RP is also Sss .
Efxcni]]=µ

Proof coucxcn.is,
-

×
→ Gaussian Wss R?qq.y.mg, - m2

F- [x[nitwit] = µ× fait
no] = µ

i-4,2, - - -ok

[ GET = Cor ( x friend , xfritui)
nitro ,ng
't no

= Efx Cui -1mg xfiy- + no]) - µ2

= N×[ nj - hi] -m2 for i. J - 1,2, - - - ,
k



17¥
.

Cam) - N ( it , c¥) , int - - ik

t.zsan.mg Caching) - N ( it , C¥),i=t2i
. - in

⇒ xfn] is SSS as Joint PDF is

game with and without time shift .

=

Htt
-

N
l
n,tho

h 2
nztno NS nztho NA na tho



Discrete -Time Wiener RP or Brownian

Motion

Ufn] → WGN with Q2 r
-
n

'

r
'
e

- -✓
←of--

N

Xfn] = Sufi] ,

neo

MAY =
i=o

varfxai) = Cnn) of

Wss
WssGaussian
Gaussian
RP

XM as , ya]
hen] A HCz=o)

Mx
-

My = HCO) Mx

milk] rryfk] = HEH * hat
't kick]

R, Cf) p
,
(f) = IACHR Pdf)

¥fm,n=
said - N (ix. GI) yfi~NCHCosuxgn.fm-T

T -⑨ HAD]
arm

-n-Mi
uncut , CE)



I Differences

Xcn] → Wss Gaussian mean Mx , ACS sick]

His = xsn] - xan- is Eyez) = XCZIG- E')

HCZ7= I- z
-I

Efyai] = Efron] - Efxcn
-'D= ex -ax so

H (f) = H (z=ei2tf) = , - e-
J2Hf

Py = HEA H Cf) R, Cf)

>
q, + , - just e-

I'"t)

= f, - ejzttf] fi - e-
JZTF] Rxcf) Rdf)

= 2K, Cf) - e
JZ"f

R, Cf) - Ewf R,

My Ck] = 2nx[
KI - v×[ktD - q Ck- D

ID't#T

het E- = fig:})

↳ =L:c!, ;%) .- fax
" -""s ma' -wa -zag20×03- mid -my 26×03- WD)

Joint PDF

"
dettzcq.ge#

I 5

Ben
,

" '"1) =L



In general , ETHEL-yay
LSI

x Cn] → NSS Gaussian RP mean ax , ACS mind

(Sss)

PDF of N successive

±

nam

-ICI- u¥I GE
'

CE - une)

the =
1- e

@it)NkdetC¥

u±= Huffy
,

)
Inn = my [m-D

- (Mx Heo) )
"

=

.

I HEAR R, eJ2"t
'"

off - @+A J

m =L,2, -
- -

g
N J n = 1,2, . -

-

,
N

Ya] → WSS , SSS Grauman RP



elf Ucn] → white Gaussian Noise (WGN)

→ Wss, SSS

a) Moving Average RP (
MA)

XEnI= van] - bush
-D

Taking 2- transform XCzI= UCH
- b. E' UG) ⇒ HE) XIUCH

-I
F- IR

UCH H¥bzt
XCZ) > HAUG)

= I - bz

b) Autoregressive RP CAR)

Xan] = axcn- D
+Ok]

Taking 2- transform XC⇒=aE'xc⇒tUCz) ⇒ HE)= UG)

1112
=1-

XCZ) = HGIUCZI I -az
- '

UCA
ACA;÷aE'

c) Autoregressive Moving Average. RP (ARMED

Xan] = aXEn
- D - burn - D tofu]

Taking 2- Transform XLzI=aE'xcz)-bztucztucz)
⇒ HC⇒=IbE

'

1112 I - AZ
- I

1-BE
' XCZ) = HH UCH

UCH
HETTIE'

All are Gaussian wsslsss Random Processes .



CTCV Grauman RP
- -

-

Xlt) → CT Grauman RP if

⇐ = - mm:÷::÷÷;
'"

t k

ed CT WGN

Xct) → zero mean ,
ACF next) = Nog Scc)

next) -- o Aneto ⇒ uncorrelated

⇒ Independent Coraussian)

Er CT Wiener RP or Brownian Motion

Uct) → WGN N N (o, Nog)
t Efuoe))

-

-
O

X Ct) = J u Cre) die
,

t 70
are

0

EACH) = Efs! utada]

= [ EACH) da = O



Efxctixcta] = Ef ft've;D deified dez)
= ! ! Eluvium) da dear

= ft' ft
"

much -TD dt.dk

Here auth -17=10 SCI- TD
Z

t

= Nog j ft'sCaz -4) DE de,
4=0 he

Let o< tis ta ft's Crea -red dts to:{'Eta
= I for oft,Eti

ti
t t I
O ti tzEfxctixctz)J= Not Jody, = Fog ti

If o
't

u⇒xCtD]=Ntz
'2

E[xCED=O , Efxctilxctz)) = NE mince, , ta)

t, =tz= t

PDF of Xct)
N N ( o , Moz t)

→ Non -stationary

→ Marginal is Gaussian Gear increases
with t)



Deterministic t.tl/LSl system

WSS R P
WSS RP

,

His → →
this

-'

Heo) Mx
has]

Mean Mx

T nyH=h[-k] * has * ask]Acs milk] Fined

PSD Bcf) Py (f) = IHCHPR.CA

Adaptive LTI / LSI system

Wss
WSS RP

RP

xcn] → →
YES

I

h[n]

T

Impulse
Adaptive

Response
has = fG×cuD

Transfer
Function

Hlf) = f- ( RCA)



Wiener filtering
- -

a) Filtering

DT LTI or

LSI
^ Wss

Wss xCnI=sK3tw¥→sk
]

hInI=o for
NCO

=

Input { Xeno] , X fro -D , x[no -2T , - -
- }

RP sans p
Present past

said → Desired signal
WENT → Noise signal

hfn] 20 , n so
•

Saw] = I had x[no -D causal
k=D

§[no] for all no

is a function of present and past inputs .

Real - time Implementation .



b) Smoothing

LSI

ants "'

- asno

-

Input { . . .

, Xfnot -27 , Xeno
-117
,
X[no] , X[no

-D
,
- -

.}
RP XEN]

"
past

Future Present

+N

Ifno] e § has X [no- to] Non- causal

k=-D

Sad is a function of present, past
and future inputs .

c) Prediction / Forecasting / Extrapolation

LSI

x cut'T

=

Input { Xeno] , X fro -D , x[no -2T , . .
- }

RP xsn] A
Present Past



A

I[motif = I had Xfuo- k] Causal

k=o

TarotD is a function of present

and past inputs .

d) Interpolation

LSI

× as

Nou - causal Not known

Input { . . .

, X[not -27 ,
Xcnoti

,
X[no] , X[no

-D
,
- .

.}
RP Xen]

"
past

Future present

+N

f [no] e § has X [no- to] Non- causal

b.=-D

k¥0

KIWI depends on past and future inputs .



Wiener Smoothing xqis-saitwCD.LT ,
SGT

- - hen]

Non- causal

Given X[n] = S[n] + war] -as new
I

said → Signal
Estimate had such that went → Noise

+ N

Saud -- { has x[no -D
k=-N

S [n]
, wfn] → WSS zero mean

,
known ACS

(PSD)

ACS BUT , Nwa
] E[said] so

PSD Bcf) , PwC f) E[was] = 0

SENT and wfn] are uncorrelated .

E[Scud ward) IO tf ni , nz

+A

Error c- [not = saw] - Scud = sand - Shadow
-D

k=-a

Mean Squared Error (MSE)

mse = E[Ears]=E[( sous -scum]



ruse = E [(send - II.has xcno-55] similar to

Scud
linear prediction

Omf = O
- also find

2h

E £2 ( send - II.has X[no
-D) X[no -t) = o

E [ C- [no] X[no- e ] ) = o orthogonality principle
- N Ll so

F- [(sang - II.has Huo-a) xcuo
- es] = o

E [ saw] x[no-t) = II
,

has Efxcno -KI Huo-es]
L①

LHS
-

E[s[no] ×[no- t) = E[Saro] (saw
-e] tw[no-t))

= Efscuo]S[no -G) + ELSE no] warred
a

= E [Scud saw-ed =z[no-e -no]

= BEG

= Nsa] -②



RHI

E[X[no -w] X[no -b) = E[Cscw-hit Wao-KI) (saw-e) + wow-t))
as E[slow- b) w[no-e)3=0

E- [Saro- l] w fro
-KT) =D

= E[s[no - k] Sfuo-e]]tE[wow- to] wow-ET)

⑥ and③ in
= ns[e- b + nwce- a] -③

① to

⇒ vs [ e] = § has fesse-D truce-D) - a - eso

k=-D

us feel = h[l] * (Ns Ce] TWEET)
opt

DTFT
⇒ PsCf) e Hlf) (PsCf) t Pw Cf))

off

Hopf (f) =
Bcf)
-

PsCf) t Pwcf)

= IHopf e-
↳" " fdf

hoff] = F'
'

(Hoptff)) IDTFT

^ AN

S fro) = I hoptfk] X[no -k]
D= - N



FIR

Wiener Prediction Xfm] LSI Tno -113
- - h

-ALn E no

D

FaroeD= I had X.[no - D
,

E[n3=X[not 'T- 5cm'D

k = 0

Mse = E[⇐[not'T -Tarot 'T)
"

]

= E[(xcuotid - I. has Xeno-DT)

Druse
- =D

2h51]

⇒ E[ (xcuotis - Egham xcno
-is) xcuo -es) =o

1=0, I, 2, -
- .

F- [xcuotixcno
-e] ) = §gh[us E[xcno- k] x[no -ET]
A

n×[et D = I hate Tx Cl - k] 1=0 , 1,2, - .
-

k =D

a Solve the

1=0
MCD = { has AC -

k]

k=o Simultaneous
to

1=1 YET = I had next - k] linear equations.

K=D

. -l

l -- M-HCM] = : Eiders → car -k]



For FIR with length M h[n] =D for neo and n 7M
✓

M- I

p×[ ItD= § h[k] Tx [
l- k] 1=0,42, . . ., M

-I

k=0

Solve the linear system of equations
.

Tyco] Axl-D . . . nxficm-D) had maid

MCD n, . .
. Axum-B ha] mayl : i://.tt :/

mm-D
'
' ' MCD

hem-I aim]

MXI MXI
MXM

→ →

A hopf b

I = A-
'

I
opt
p

had

M- I

Iannis = I had Xfno-D
k=o Off



Poisson Random Processes
- --

- Poisson RP Xct) → CTDV

- Arrival Times

- Bernoulli RP on real live

- Poisson Counting RP Nct) → CTDV

- Number of Arrivals in [o, Ed

- semi - infinite RP

- Binomial RP on meal line

The interval cost] is split into M intervals of

length at each
.

1- = Not

as ate o , M
→a

, I
'

o r a t f

Ot got 30540T Cm-Dot
t- Mot

- One arrival can be in every slot of length of.

O - No
arrival .

I - Arrival



Number of arrivals in fort] equal to k

Nct) =L

Using Binomial PMF

PINCH =D = (Mk) pk q - pym
-k

Mf = E[NCH)
→ Enpeebatiou of Binomial

As at →o , M → A

F-[NCH] = Mp → finite

Nct) ~ Poisson Cal)

A
'
= Effects] = Mp → Enpechation of

Poisson

PINCH --D=
k

-①
k!

= e-
EVA'T
,⇐[nail
- ,

K--O, 1,2, . .
-

k !



X
'
= E[Nlt)) = him Mp

Msd

peso

=
him t

gtfo
P

=
t him I
ot→o at

peso

= At when A-stiff. I

✓②
peso
at

② in ①

pfNCt7-kJ-e_tH@tTkk.o
,
i,z, . .

.

- ,
k !

Nlt) → Poisson Counting RP

Nco) =0 ,
No arrivals at start

.

Nlt) → Not SSS and Not WSS

as E[Nct)) = At →
Expectation varies

with time t .



Inter - arrival Times
-

un

Poisson b -

coulis 5 - i

RP 4 -
!

⇐
¥:-#

3 - :

2- .

-
a

Zz ,

p -
t

<.Z#

÷
.

t

k i x x x x x
Arrivals Ee, 9

que Eez
'll t2 t3 the Es

sample T, Tz 73 Ty Is
ti , tz, tz , . .

.

→ Arrival Times

RVs 1,92, Tz , . .
. Arrival Time RP

sample Zi, Zz, Zz, .
. . → Iukroooeival Times

RVs Zi , Zz, Zz ,
. . .

Iuka Arrival time
RP

Z
,
IT

,
first arrival

If Z, 7 Ee
, ,

NCGDIO

If NGeJ=0 , Z, >
Ee,

P[Zi >G) = p[Ncaa ,)=o]
=
e-
" & ' Casado
OT

-AE
,

-

= e
,

Ee
,
70

pfz, said = I - Edsel



PDF for first arrival

Pz
,

= dd-z.fi - PG, > zit]

" ¥4 - e-
' Z'J

-AZ,
=
the

Pz
,

G-D= {
" E
""

s
Zi 70 Enpouutid

°
,
Z,
so

PDF

Z
,
reap (a)

Naitingforau#ial
Probability of arrival time (Zi) 7 Ee

, -18,

given
that Z

, > Ee ,

No arrivals in fo, gig
,

Ncac)
-
-
O

Pf No arrivals in fo, G, -181]
MCG ,
-194=0



PLZ, > se, -162/2, >g,] = P[ZP9it9a,Zi7E#pfz,> 8D

pff,>Git921
= -

pff,> Eel)
-Naiad

= e

¥
-1292

= e

pfzrseiteeyz
,
>* Pff, > Eez)

⇒ Waiting for Se,
seconds not taken care .

Memory less property .



In general , Iuka annual times

Zi , Zz , . . .

, Zia are IID → SSS

RP

Z; ~ cap (A) ,
it,2, - - -,

K

Poisson RP → limiting case of Bernoulli RP

Bernoulli RP {x so, xcis , He
]
,

-
-
- }

Let two inter- arrival times k, > I, ka >
I

q
if x 3--0 , xCD=o, X

=L
, X =o,×W=o,#t

⇒ k
,
=3
,
kz =3

(

p [ Z , I k, , Zz =kz]

= p [ XCn3=o for IE n E k , -1 ,

+Skid -- I

×[n] -o
'

for kittens kitkz-l,

XShtkd=p#Geometric

= [Ci - 1034
-'

p) [ a - pgkstp )
PMF

= PEZ, -- k,] pfzz -- ka]



⇒ Joint PMF → factors into two marginal

geometric poufs

If ki '- K2 ⇒ Z
, ,Zz are IID

Arrivaltime RI 2-1=7 ' z, reap Ca
)

Tk → Kth arrival time
EFFECTS =L

→ Time from t=o to klh arrival

k

Tk = { Zi
int

Zi's are IID

Zi Neuf Ca
)

oIa.cwh@IzcwsjkkqCt7-kzCw3ttkzCw7x.i.x lzcw)
-

K-l convolutions

oIzCw) = %ae-TZJewtdz.tl/e-G-JDZdz



- ca- jw) z n

Een -- in e⇒/
°

a
=

Ijw

Each = as)
"

=⇐⇒
.

that I, III.cus e-
Jwt
do

Tarr r ( k , a)

Kwch = c?!j, th
"

e-
"t

→ Erlang PDF

Efik) = tf = k EET,]



Markov chains
-

Consider a DTDV RP XIN] which takes

only 2 possible values at every n .

Number of States K = 2

X.[n] is a
Markov chain if conditional PMF

→
First

%D1xsn-D.vn-D. . . .,xso]
= Kashan,

order

we know that the joint PMF

Rico]

"
xas.xas.ws, . . . , xsns

- Kunshan.. . . .sn?ja-7xsn.iji!.9.Ylxas

Using Markov property

txas.xs.is
,
. . . ,xay= Kashani txen-islxsn.rs

'
'
' Kanha!}'d

--1
joint Prob. pto.de Conditional Prob.

u

(PMF) Initial
pools .



P
.

=P [XIN
-

- J / ×qn -y = ;] → state transition probability

is 5=0, 1,2, . - - , K
- I

j = 0, 1,2, .
.
.

,
K - l

when K =3

i =o , I

j = o, I

Transition probability Mahin

P =L:3:
"

÷) smaeogoa.e.ae

Poo = Pff
⇒ lxsn-is so]

Pio = P[xGI=o/×sn-is =D

Po , = p[xaI=I/x[
n- it -0]

Pg, = pfxsnt-ilxsn.is =D

p → constant Mahin



State probabilities at time n

p, [
n] = P In] -5 ]

,

i - o, 1,2, . . . , K
- I

when k=2
→ Two states

↳ In] =
p[xCnI=o]

KID = p[x[n3 =D

PMF of → IKI
= ftp://?jfboCnIttgcnI-- I

xsn'

PMF changes with n .

⇒ Markov chain is non - stationary .

Definition Markov chain semi- infinite
- Xfn) → DTDV RP n -- 011,2, - - -

Sample space ) States → k = o , 1,2, . .
.

, K
-I

swim:c:::.am#nt.l::?:d1zCnI=pfxsnI=k
]



state transition Probability Mahin (conditional Probabilities)

r.fi::*: : : : ¥::
to Be."

"

-

i
.

-

Pan
, * k

where Pi
,
;
= P[×H=J/x[n-D= i]

Initial state probability vector

(PMF of XO)

eat. .

Pk

Two - state Markov chain
-

p[xcnI=i] = ÷op[xcn -D= is x[is
=D

Marginal Joint

= Edo Pff
" /×sn⇒= ;] PEG-D -

i]

Conditional Marginal

4. [NT = & Pij pin-I , 5=0,1
i=o

Poo Pol
[Posit KIND
¥aTfmEe

" Lp
.

p
. .)

xcns xsn.ie



To'm = Toten- D p
PMF of XEN] PMF of

xsn-D

eg Let
p -- 1314 ¥]E E

15%3=1 → PMF of XO)

PMF of pig, = Toto] P
xas

= SEALE
.

'

II
= CI ZI

PMF of spray = Itis P
""

-
- E. ⇒ E:
-
- fish ¥1

In general
Triad = pin-D p



State Probabilities
-

PMF
PMF

Bsnl to FIND → How ?

Let nz = n , -12
⇒ n, = nz

- 2

FIND = Btn,-BP

= (p→[nz- D P) P

= BTCnz- og p2

= FT [my p2

pZ→ Two-step Transition Probability Mahin .

The general,

Btn. -in] = 157ns P
"

Ph → n - step transition probability Mahin.

If n , -0

PMF of
x Trinny = ftp.oyph

Toto] → Initial state probability Vector .

PMF of ×



Two- state probability → Markov chain

%

Poo
L

i -B

R,
B

Pio

P -- fi: : ¥.

% Let a- 13=2 p= Ez
'

za) , Pn -- Ez TE) ,
h 71

PMF of xfo] I
= [
'

o)

PMF of x BED = 7703 P = LE ET

PMF of XK) 15%3=15%3
P' = [E I]

,
l

g
t

I

pouf of xais This = 15%3
P! [E E] ,

t no, I

steady state PM
F

Markov chain is in steady state .

→ Depends on the form of P.



Poweoisofp
Let P has distinct eigenvalues, A , and Az .

The eigenvectors Fi → Linearly Independent.

V = JI T) rank = 2

We know that

- l

P = V LV Eigenvalue

-1L = faoi.gg
Decomposition

p? v r v
- '
v r v

- I
= Vai v

- I

p3= v# V
- l

l

-

Ph = Vai v "

where I -- Koi %)



ph = v [not %) v
"

eg P = ft t)
det (p- a II =o ⇒ft

"

,
if] =o

(E-A) ( i -a) =o

⇒ a
,

-

- I, Az = I

(P- E.IST E ⇒ f: if I ⇒ ⇒ I --fo)

(p- inaIIT. =3 ⇒ f- to E)I --E ⇒I --ft)
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